=X A%

(FERZEALIRSO

ET 262 2 iR N3RS R — XA X6
EEERS] \ﬁﬁ}""

3

STUDY ON ALGORITHMS FOR THE LINEAR AND
QUADRATIC GRADIENTS OF PHYSICAL FIELDS
BASED ON MULTIPOINT MEASUREMENT IN
SPACE

IS

W RIETI K
20214 12 A



[ 590 5552 053 SRR 10213
bR 3y K55 52 . AT

BAR 2RI DL

BT 5182 SR B YR 0 — R0 R
EREMIR TS

}

5

ot WK E ATE

5 Jin: VL #Hdx

B i F . BN

¥ M. PR

Fr B AL MRRIETRSE (FIID

3

#¥ B HB: 2021412 H

RYZ2ARA: PE/RE LR



Classified Index: O53
U.D.C: 52

A dissertation submitted in partial fulfillment of
the requirements for the academic degree of
Master of Science

STUDY ONALGORITHMS FOR THE LINEAR AND
QUADRATIC GRADIENTS OF PHYSICAL FIELDS
BASED ON MULTIPOINT MEASUREMENT IN

SPACE
Candidate: Yufei Zhou
Supervisor: Prof. Chao Shen
Academic Degree Applied for: Master of Science
Specialty: Physics
Affiliation: Harbin Institute of Technology, Shenzhen
Date of Defense: December, 2021

Degree-Conferring-Institution: Harbin Institute of Technology



EiEES

w2

% Cluster. MMS %52 TREBCSRMTHRIF L, 2 miill, 192w A}
ORI B E AR Fioris, OSSR R EREIEXEM. N TS
2 R RN TR X 22 (8] Y B 1 J LT 5 R 24T R 7S, SE BT C e ar 17— R 415
T2 PREFENPEEHEE, KR NABON 2 A& B R obr. Bk
I IXEEIP M T VAR R B T BRI I BB BE TSR, R AN L At W B 37 4 T
—E TR A, X B REAE 8] A A A R OO R A R R B AT A
ihe SR HT S H PR A 2 YR A REE IA 2 DERNEIERS, X
& RN AT T 0 B 1) —IRB6 B, Ll G S G A T R S OO T i 1Y)
TREBE . SiAh, EIRTS NN, 2 PRGNS ARSI . R i 0 i
Fe RS BRI T R B T b R BEAT RN . T AT 1) 2 TR RN SRR AN BE B S H
T TR BRI K — OM B R . P LR ATT A B e 8 S SLOFT I 2 R SRR
YRR ) — Bk BEREAT Al e IXRMEENAZBRE 2 BRI AT, SREER T
BRI R

ERLHIE FCAS R B 22 00 73, AT I fa] B i K A B 72 70 o T 1] )
Wy i) UK R SEE ST BRI AT, (R R SLAEBUR KBRS LRI ATIR T BLA BT
FEARW], AR B A M SO B R SR, /R AR B e BB PR i — K
A AR PR A P e /I 3R BV (R AU 1R 22 P B R R

AW T ALQG Tk, — /T2 sl RIS TH B 10— BB AN — R
BEFEHIAS SIS [ 53, JF BT Ibdsr 7 — AN E e Ek. X RN D isE
Y. KRRy, WAL S KR, 1K A — SR A RE AT DA — R
B, WA TEE BRI . AR RA SN, BNZ AR
P N e 6 I [ NP R o XA SR R A K DA B SR A AN R 22 ) 7 B
MERH BN, RS THRIN AR, B E SO B, L O BT s
B R R IR o Aot LA RO AR Al T B O R . 2R AR
FEE I, BNZEE R Bl T LR R R R A ANEAN R 2 (]
3 AN RIS B 221 0 (R ) B B AR v N, SRR R A T SR K
FE ST 2 o B AU BF ] - 2% (8] o7 5L Ak PR P 3887 B — OB BE AN OB R o G Rk 0
I I 2 rHC AL B T R R o SRR A AR ) ORI O R AE DY ZE
IR .



EiEES

AE I FIE A S T BB A A H/N T oRE, g — A =R A P
SREAM TR SRFIZA TR EALTH T RE B REIRAS XS H bn sl AW B I7 1K) — OBk FE AN
TIRERE R T AT RERIR A PRI RO R R BRI K R A T R
A — A RBEFE N 10 x 10 FEAMETTRRAL, SRARIZ A AT R RIA] 52
B — M R EE A T o SXRSRAA T 12 mT LAY i 2158 m B P B 16 L (X T 5
T ROTERIE I E R ) B K R TR AT IS R, AR A
VU Rk T RE RN N — > B sk E T AR, JERAFIRA Tk B TR SRR
MG — NRFEZR M R G, LRI AR BOE P /I i i A e g, HLOW
FARRRBNR E A E JEMER . HERAMLE R A DAEER, IR R Y
TetE A, FIERRERS AT A LR — R R IRER . M ERIAIEE AR
A=A, PRI AR B P04, Sk R RESRAT AN 5 1R B — B R
AR i UXASRFAEAE RS B A T IR I e AT L 55, IR 2
—E i

B EENHE SRR T AT %, W TR A MR R,
g — AR DR S sk E TR, TR E ) — O BE A — R B2 HEAT
Tho B HIKE TR, FREARRET %, —MoOrisk sk T A Ay
—RBFEFERTEON 16 x 15 BIZMETT R, SKRARIX A2 T R 4LEI AT SELAG T
7 RIRERZ KR DT R AT IR 5, AR IR P A DU — MR R 5
X B AR 2 E R G e R B (I S A e ik e, H BRI R = 5
PUETERCIT. 2 ERIAAEE R A — AR, PRI U BT DO 4 i 22 iy 24k
oA, IR A RERAT AN A OB EERT IR . XA R AT B A2 AL 1]
fFy, AIBE 2 a] i, Wnlae R S RS A SRFIERE R A E A A =4
AR, PRI RS B 110 20 A1, S5 R RESRAG A7 T b 1 — R A IR
BEEE, XMANTT R A] BE AR LA (A, R RERE I [B) 2 TR A . AR AR A
LA RANAAEER, PRI AR BT =481 i oA, SR RBERB=AJ51A
B R RN IR BR I . X =ANTT TR AT REAE 2B (R Y, B ) e A I [A) A (AR
(1o SXAMRFALERE R B8 A T AR Bt i 2= 0 A L 5

WA ERG B BT AR 7132 MG E I R R X = ARG R R e A
B I SRR EACRIRE T VA AT 1AL B AR SBUR R AR [RIRI S, AT IR ARIR
WEWSH SRR, WA R Z ST R Z R SC R . B A AUCR A AR IR AH X
WML, W SE IR Z SR R B G R BAULEE RAUESE 1SR AR g 7

-1I -



EiEES

IOTTATYE . SR TSR ARG B

BT — A TS BRI SR, FRATTHRE A 3 5 FAN AU [ B 015 ) £
A NS B o B0 S SRAFR I B AT Hp 0o A R RS2 P — IR 5 R0 — B . 7E
AR, RATRINEIL S —UGER,  FIESS H ) — U0 FE A Z O B2 Al v
AEHIRECE KRR TR, 20T AR, Fra A s Rk i
i vH 7 B Sk B S T IR Le A R 7 1 A OB AR SRR /N T 0.05 #P. He
AT WAk ARBEE R ATAT I, T H2 s AR 1

K F FIRE 0 AR S B, = AR B A B, 38 JBOR 4 /MR
T P T 0 RLBSE T U 1 — YROBEAUL (R ARG BRI RUBE, FRAT TR DA B 3 (1) — R FEE A
TR ARG 5% 22 B AR R R RO A — O e K, BIZRPEI K, 3 1 — T
JEE i T 110 P 15 22 B AR G SR R RS DA R S K. 7R RE R SRR I Y
%oF FITRSADL AR RE o R B S, BIM L/D = 0.01 8 L/D = 0.6, s — ki
RBR BEAG T DL R R T AT ST AR R R 70 2 it AR A PSS Al T AR NS 1R 2 A
NTHEDZ . TEMERTHAHERIEA S, AR/ T 0.1 B, f3A1)
— YR Ak E ARG 5% 22 FORE 0 48 il R Ak TH AR ZE /N T 3 2 Tie AR R
FUE/NT 0.01 BF, B3 B 0006 B %5 4 Bl T RIAH AR Z /N T 0 2 Fe TERE
JEREARL A, AR SRR BN T 0.1 B, B3 00— VOB B A AR 5 2
FHE 778 M 2R AG THAERHR ZE AN T 5% 0 SAERHERIINREE/NT 0.01 BF, @37 00—k
156 RIVRE ) 2 e S A T B AR R ZE /N T 0 2 e AN BB B0 IR AROR A 7 1%
FERX =R B IR R EER Y, EA RS SRMNRET, HEsHR
UFHIREFE o X UF BH T IR IR AT SE M RN R

1) AT BRI R PEE ORI B I P AR e, i A B R BRI A5 T AR
IR, BRATEFTE T A& B R RIE AR E SR B E N X R EHE S
AL A TP BRI I, Wk — OB FE % oy S Al vk T LB 1 P 3 A0 13 22 5 PR
s B R PO R, T — OB BE AN 2 A T L RSP B AR iR 22 R A
MR T B C R

22 a5 RN 5 30 s ) ] DL F A B T 2 BRI AN B8 R R AR 0 b, thm]
DA FITE 2 T EBEAIRN L. 52 TREBRAHMNN PENHKZ, REEAH
B R SRR B R )25, B s B PR A5 P B AN TR BT 1 AN R R %2
B R BATTHE A I SR B R A B R UL, B X 2 1R] ) — YRR A
TRBR AT A TR, O AL I TR BB A B AT A T TR N RIS RS

-1II -



EiEES

PRI AL, IEANEAE LR R AT BATT I T AE BT BUA B 1 22 8] 2 R/ vt
KB 7 ik Fo ke B — e HEEAE L

KRR 2R RN BB KPR Ik

SIV -



Abstract

ABSTRACT

Multipoint measurement techniques based on four or more points have achieved
great success in deducing physical quantities related to linear gradients of other physi-
cal fields and unattainable through single-point measurement in space. Yet several other
quantities, such as charge density, diffusion of magnetic fields, and torsion of magnetic
field lines, which are related to quadratic gradients of physical fields, are not acquirable,
if various physical constraints are not introduced to reduce the freedom in the specific
problems.

In this study, a general algorithm that can estimate spatial linear as well as quadratic
gradients of physical fields building on multiple measurements of the fields themselves
is comprehensively reviewed, and building on it a general algorithm that can estimate
temporo-spatial linear and quadratic gradients is developed. One, the time-independent
algorithm, utilizing at least ten simultaneous measurements, can estimate the linear and
quadratic gradients in the vicinity of the constellation’s geometric center. The other, the
time-dependent algorithm, taking at least fifteen non-temporally-synchronized measure-
ments as input, can estimate them near the spatial-temporal center in four-dimensional
space-time domain. Two schemes for solving the estimating equations of each algorithm
are put forward. Using simulations of the time-independent algorithm on force free flux
rope magnetic field, dipole magnetic field, and a modeled magnetospheric magnetic field,
we confirm the great efficiency, strong robustness, and high accuracy of the algorithm.
The estimation based on fifteen measurements generally costs less than 0.05s. The al-
gorithm successfully gives estimations of low error for all the three physical fields. The
accuracy for estimating the linear gradient is of second order, and for the quadratic gra-
dient is of first order. The truncation error of the algorithm for quadratic gradient is in-
versely proportional to the number of measurements, with which that for linear gradient,
though, shows no conspicuous relationship. The time-dependent algorithm as yet remain
untested, and therefore is not suggested to be applied. The time-independent algorithm
could be widely applied to both space exploration mission and instrument designs in the

future, and to the analysis of the data acquired by multipoint measurements currently.
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Chapter 1 Introduction

CHAPTER 1
INTRODUCTION

1.1 Measurements in space physics

Many significant discoveries in human history come in the wake of unprecedented
measurements.

The first measurement made in the field of space physics is traced to the Chinese
who discovered the compass’s fundamentals. Following the invention of the device which
measures the direction of the ambient magnetic field on the ground, in the 16th century
the explanation by William Gilbert"’ on compass needles pointing at north resulted in the
notion of the Earth’s magnetic field. Magnetic storm which reveals itself in the increasing
and decreasing of geomagnetic fields are first learned through detailed research conducted
by George Graham'"' in the 18th century on the variation of the angle between the north,
the direction along a meridian towards the geographic North pole, and the magnetic north
at which compass needle pointed. The first absolute magnetometer that can also deter-
mine the strength of the magnetic field is devised by C. F. Gauss in 1832. And the ability
to obtain the magnetic flux intensity further prompted the research concerning the mag-
netic storm later on. A simple example is the disturbance storm time (Dst) index” derived
from the magnetic measurements at four ground stations near the equator. It is the aver-
aged station measurements weighted by the average cosines of the magnetic latitude of the

stations, as defined by

Dst(T) = 22 Dol D)

= —4 5
>, cos ¢y,

where D,,(T) is the disturbance of the magnetic field at the nth station. The Dst index

reflects the variation of the total energy of the ring current particles around Earth caused

by geomagnetic activities and therefore becomes a good indicator for the geomagnetic

4,51
storm .

Another device that has an old history as the compass is the telescope invented

at the beginning of the 17th century and utilized to observe celestial bodies, in particular

the Sun. The superficial feature on the Sun known as sunspots was discovered by ancient

Chinese with their naked eye. However, not until the invention of the telescope were sys-

-1-
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tematic studies conducted by astronomers like Galileo Galilei and Christoph Scheiner”.
With the improvement of the quality of observation, S. H. Schwabe in 1843 made a huge
discovery"”, the sunspot cycle of 11 years which lead to the notion of the solar cycle”.
Solar cycle plays a key role in human’s understanding relating solar activities, such as
solar flares’, prominence emptions[”], and coronal mass ejectionsm], to their terrestrial
effects on planets like magnetic storms’ 14], substorms“s], and auroraem, because it is the
very cycle that determines all the cycle of these solar and planetary phenomena. It also
determines the cycle of the heliospheric magnetic field’s geometry' | the shape of the he-
liospheric current sheet'", and the mean speed of solar wind and its distribution in the

heliosphere'"”

. Besides, The intensity of energetic particles of solar origin and galactic
origin (called galactic cosmic rays) both varies at the time scale of the solar cycle™. The
prediction of the forthcoming solar cycles, or solar activity cycles, has therefore long been
of interest” .

The late 1950s saw the advent of an entirely new era of space physics on account
of human’s success in taking measurements in space. In 1958, by taking advantage of
powerful propulsion provided by new rocket technology, the United States sent its first
space exploration spacecraft, Explore 1, into space, on which a cosmic ray detector is
boarded. The very existence of radiation belts was thereafter theorized by J. A. Van Allen
to explain an unexpected high counting rate seen by the Geiger counters on Explorer 1,
This is widely thought of as the event signaling the dawn of the new era. Not only have
particle detectors onboard spacecraft made groundbreaking discoveries about the nature of
the space, but electric and magnetic fields probes also have had major contributions to the
understanding of it. For example, the already predicted existence of the magnetopause[26]
about ten Earth’s radii (Rg) ahead toward the Sun and tens of Rg surrounding the Earth
was first confirmed by the observation with a three-component magnetometer carried on
Explorer 12" which was launched in 1961 as one of the earliest artificial spacecratft.

Further improvements in space technologies, especially on rocket propulsions,
made possible the missions that reached deeper into space. Pioneer 5, launched in 1960,
was the first, among its peers in spacecraft boomers years to measure electric and magnetic

field phenomena, solar flare particles, and ionization in the interplanetary region. Mariner

2, as an interplanetary probe launched in 1962, was the first to visit another planet, Venus,
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in the solar system. Voyager 1, as intended to investigate the outer solar system and in-
terstellar space beyond the heliosphere, was launched in 1977, crossed the heliopause in
2012, and remains active so far. The Parker Solar Probe launched in 2018, protected by
a solar shield from the ultra-hot solar atmosphere, provides an opportunity to observe the
Sun at the closest distance ever possible. These space probe missions define quite well the
spatial regime of in situ measurement.

Measurement techniques in space plasmas, according to the object of the measure-
ment, are classified into two main categories, for fields measurement and plasma particles
measurement. Fields measurement” can further divide into the measurements of electric
fields, magnetic fields, and space plasma waves. Space plasma wave measurement is a
special and big technique in that, taking advantage of the propagational ability of waves,
remote sensing that can draw complete pictures of the plasmas in the ’sphere” concerned,
such as the magnetosphere of the Earth and the photosphere of the Sun, can be imple-
mented. In the remit of particle measurement”, a slew of novel techniques are applied
to measure various properties of particles of most kinds. Langmuir probes are used to
determine the electron density and temperature. Retarding potential analyzers are used
to analyze the energy distribution of ions. Particle spectrometers, as a large combination
of various designs, measure the distribution function of ions as well as electrons. Parti-
cle correlator measures the oscillations in particle distribution produced by wave-particle
interaction. Energetic particles spectrometers are devoted to measuring elusive energetic

particles, including electrons and ions of high energy.

1.2  Applications of multiple points measurement

At the dawn of the new millennium, the Cluster mission ushered in a new page of
the history of measurements in space, that is, the application of four-point measurement,
the most advanced version of multipoint measurement.

Multipoint measurement had been well-known for decades. The first version of
multipoint measurement in space is two-point measurement. Although no mission made
up of four spacecraft in a close constellation had been available until Cluster, there were
occasions where some spacecraft’s orbits intersected in the same region at the same time,

and few missions, like ISEE, which offered two spacecraft flying in tandem. All these
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occasions and missions provided good chances to investigate various physical properties
not attainable through single spacecraft measurement that cannot distinguish between spa-
tial and temporal phenomena. In 1988, Z. Némedek et al.”” studied the velocities of the
Earth’s bow shock using simultaneous measurements by two intermittently closely sepa-
rated spacecraft, Prognoz 10 and IMP-8. In a similar manner by using two-point measure-
ments, numerous works were done in analyzing the speed and thickness of, in addition to
the bow shock™", a variety of discontinuities and/or surfaces in space, such as the Earth’s
magnetopause , dipolarization fronts~ ", and the current sheet " in the Earth’s magne-
totail. Moreover, the gradients of physical quantities in space were also investigated using
two-point measurements. For example, the plasma density gradient near the magnetopause
was investigated using simultaneous Interball 1 and Magion observation' .

Yet studies using information simultaneously obtained by two spacecraft are re-
stricted to one-dimensional views, even though they differentiate between time and space.
The bow shock’s velocity as well as its normal under the assumption of its contraction and
expansion motion, for instance, are vectors comprising three components. Only one com-
ponent can be obtained from two-spacecraft measurement, while the other components
perpendicular to the beeline connecting the measurement points are not attainable.

To address this problem, Cluster, consisting of four spacecraft, was designed to
ascertain the complete spatial and temporal variations in physical quantities and three-
dimensional velocities of the discontinuities and/or surface in spacem}g]. Using more than
500 bow shock crossings by Cluster from 2001 to 2013 and a full timing method, O. Kru-
parova et al. investigated the distribution of the bow shock velocities under a wide range
of solar wind conditions™”. Using Cluster crossing of the magnetopause, S. E. Haaland et
al. investigated the orientation, motion, and thickness of the magnetopausem. The motion
of dipolarization front and the flapping of current sheet were also intensively studied using
Cluster data”™"".

Since all components of the gradient of a physical quantity, be it a scalar or vectorial
field, are achievable through four-point measurement', a trove of novel techniques for
data analysis based on them in space physics are developedm*sz]. And these methods have

found wide application in space exploration. Here we briefly introduce three important

techniques.
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The curlometer technique”’ builds on the Ampére’s law,

1
Jok = —€ipBij, (L.1)
Ho

where €5, 1 the Levi-Civita symbol in three dimensions. Note that a comma in the sub-
script indicates a partial differentiation, B;; = 0,B5;, and that the Einstein summation
convention is used here and in the rest of this dissertation. According to this convention,
when an index variable appears twice in a single term and is not otherwise defined (see
free and bound variables), it implies a summation of that term over all the values of the
index. The technique is extensively and successfully utilized to study the current system
in the Earth’s magnetosphere, including the ring current”, the magnetic field-aligned cur-
rent” ", the Chapman-Ferraro current”, and the current sheet in magnetotail[sﬂ, from large

[57)
to small scales™ .

Magnetic curvature analysis (MCA)M and magnetic rotation analysis (MRA)W]
are two sophisticated and well-developed algorithms for analyzing the three-dimensional

topology of magnetic fields. The MCA, utilizing the definition of a curve’s curvature,

Pej = bibj,i ) (1.2)

where b = B/B is the normalized vector of magnetic fields and hence the unit tangent
vector of magnetic field lines, is devoted to deducing the curvature radius, the normal, and
the binormal of magnetic field lines. The MRA, promoting and based on the magnetic

rotation tensor,
Szj — bl,ibl,j 9 (13)

is a tool for the examination of magnetic fields’ rotational features. They are applied to
the investigation of the multifarious magnetic structures widespread in the magnetosphere,
such as magnetic reconnection sites , the current sheet”” , flux tubes™” , Kelvin-Helmholtz
waves[m’éz], the Earth’s bow shockm, and magnetic holes in the solar wind™”.

Normal field analysis (NFA)™ is a new tool for the analysis of boundaries in space.
It extends the geometrical and topological analysis of curves using MCA and MRA to sur-
faces. A moving boundary produces a family of surfaces, with which the space near cross-
ing sites by spacecraft on orbit is filled up, and to which a field of normal is attached. By

supposing that all the surfaces are close to a plane, it is found that the principal curvatures

-5-
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of these surfaces at each point are equal to the eigenvalues of the gradient matrix of the
normal field. In mathematical formulation, a surface in three-dimensional space is usu-
ally defined by S(u,v) = [z(u,v), y(u,v), z(u,v)], and the normal field on the surface is
defined by n(u,v) = [n,(u,v),n,(u,v),n,(u,v)]. The family of surfaces and the family
of normals can be written as S(u, v,t) = [z(u,v,t),y(u,v,t), z(u,v,t)] and n(u, v,t) =
[na(u, v, t), ny(u, v, t), n.(u,v,t)] where t is the temporal variable whose range is lim-
ited by some start point and end point of the boundary’s motion. The parametrization of
the family of surfaces, theoretically, can be totally determined by a new parametrization
[u(z,y, 2),v(x,y, z),t(z,y,z)]. The family of normal fields on the surfaces, which in
effect is another normal field in three-dimensional Euclidean space, in terms of the new
parametrization, becomes n(z, y, z) = [n,(x,y, 2),ny (2, y, 2),n.(z, y, 2)]. The gradient
of this field, Vn or n; ;, where the Latin characters 7 and j ranging from 1 to 3 indicate the
three dimensions x, y, 2, is in three-dimensional space. The gradient of the normal field
has three eigenvalues, \;, 1 < i < 3 with |\;| > || for all i > j. In theory, the eigen-
value \; = 0 and the other two are non-zeros. If the local surface is akin to a planar one,
the eigenvector corresponding to the zero eigenvalue ), is the normal itself, e; = n. The
other two eigenvectors and corresponding eigenvalues are the principal directions and the
principal curvatures of the surface. Since the gradient of the curvature field is calculable,
it is easy to achieve the principal curvatures and directions that are basic topological pa-
rameters of a surface, or a boundary in space physical terminology. This newly developed
technique has been used to investigate, as its first application, the surficial properties of
dipolarization fronts in the Earth’s magnetotail”".

Following Cluster, Time History of Events and Macroscale Interactions during
Substorms (THEMIS)* launched in 2007 and Magnetospheric Mutiscale (MMS)“” launched
in 2015, along with computer simulation®, offers abundant opportunities to utilize these

techniques and discover new physics.

1.3 Motivation and objectives

The techniques for estimating the linear gradient of physical fields and calculating
various quantities based on them have led to a lot of monumental achievements in space

physics. However, some other physical quantities, such as charge density, the Laplacian
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of magnetic field, and the torsion of the magnetic field lines, are hard to calculate in a
complete sense either due to large measurement errors with current techniques or because
some assumptions have to be made to obtain them””*. Through an analysis below in this
section, we shall realize that it is the quadratic gradients of physical fields that form the ba-
sis of calculating these quantities. And general algorithms of high accuracy for estimating
the quadratic gradient based on multipoint measurement should be developed to foster fur-
ther groundbreaking discoveries and progresses in observational and experimental space

physics.
1.3.1 On charge density

Particles are omnipresent in the universe. As for the near space around the Earth,
protons, alpha particles and electrons are of most interest. A series of particle detectors are
designed and developed by many talented physicists and engineersm]. The data acquired
by these detectors are usually in the form of the distribution function of the aimed particles,
which generally contain all information about the velocity, density, momentum, kinetic
energy of the particles as a fluid.

. . . . [69, 70]
However, previous investigation conducted by Kaufmann et al

suggest that
the errors brought on by, theoretically, relatively incomplete resolution of particle detec-
tion techniques over particle species, velocities, and counts, and practically, spacecraft
charging, make it inadequate to calculate current density and charge density using three-
dimensional distribution functions of particles of all kinds. The sizable error in measuring
current and charge densities are not inevitable, though, if one starts with the measurement
of magnetic and electric field, which is far more precise. In this regard, the electric cur-
rent is usually calculated with curlometer when a constellation of multiple spacecraft is
available, rather than with > _ 1,¢,Va, the direct summation of electric currents over all
kinds of carriers . Charge density, a quantity with a close relationship to electric current,

. . [71,72]
is also preferable to calculate using Gauss’s law ™,

p=ceki;. (1.4)

Although these multispacecraft missions fare very well in measuring current and
charge densities, they are not prevalent in space exploration, in particular, the exploration

into deep space where but one spacecraft is present. In such cases, direct measurement
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technique has to be used to calculate electric current. This technique is less suitable to
measure charge density than electric current which is usually larger and more observable.
The charge density, due to the quasi-neutrality of plasmas, can be of six order less than
that of particles’ number density times the elementary charge. This point is evident from
examining the one-dimensional Harris model”, in which the difference between proton

and electron numbers is
V2 / C2
1—-V2/c2’

and assuming the velocity V' to be the speed of solar wind at lau, which is roughly

(1.5)

Ny — Ne = —21Ny

400km/s. Therefore, it is helpful to develop a technique for single-spacecraft measure-
ment that can be applied to measure charge density in space with high enough accuracy.
One method is making four electric field measurement devices onboard, but this is not
effective because the electric field is measured by six electric potential probes distributed
along three orthogonal axes of the spacecraft frame, every two probes on one direction
measuring the electric field along that direction.

A more fit solution is using potential measurements to directly deduce the charge
density which is, essentially, a linear combination of the quadratic gradient components

of the scalar potential field, as

p=—€h;. (1.6)

The problem is how we can estimate the quadratic gradient from multipoint measurement.

1.3.2 On magnetic reconnection

Magnetic reconnection play important roles in many dynamical plasma processes
in the solar system. For example, a series of solar activities, including prominence erup-
tion"", solar flare' ", and corona mass ejectionm , are powered by and related to magnetic
reconnection. It also, according to our current understandingm, make great contributions
to the corona heating.

Similarly playing important roles in magnetic reconnection are the magnetic diffu-
sion and dissipation that determine the magnetic reconnection rate. Without the diffusion

term V2B in the magnetic induction equation,

B
aa—t:Vx(VxB)—i—anB, (1.7)
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the magnetic field lines are ”frozen in” the plasmas, and no reconnection could possi-
bly happen. The observational investigation of the diffusion process on magnetohydrody-
namic scale entails the measurements of both the magnetic diffusivity, 7, and the Laplacian
of B in the induction equation. it is easy to obtain the magnetic diffusivity, n = 1/ (p0),
which is defined using the electric resistivity that is readily calculated using Ohm’s law
based on the measurements of electric field and electric current from the MMS mission.
The Laplacian involves the diagonal elements of the magnetic field’s quadratic gradient
that are currently achievable through three newly developed algorithmsm*so] that take ad-
vantage of various physical constraints on the magnetic field and partial measurements to
reduce the freedoms in the problem. We would like to construct a general algorithm that
merely requires the measurements of the field itself as input and therefore can be applied

to a multitude of scalar, vectorial, and tensor fields beyond magnetic fields.

1.3.3 On the torsion of magnetic field lines

The magnetic field line is the star on the stage of space. Its motion pulls plasma
with it; its vibration excites Alfvén waves; its diffusion and dissipation are assigned with
a big name, magnetic reconnection; its twist and shear trigger flares on the Sun. All the
complex magnetic structures in space are, ultimately, composed of a bunch of bent and
twisted magnetic field lines.

As a mathematical object, it is a three-dimensional curve whose local geometrical
is completely determined by its curvature and torsion, one accounting for the curve’s bend-
ing, the other accounting for its twisting. Therefore, in observational studies on various
dynamical processes and static and transient magnetic structures in space, good knowl-
edge about the magnetic field line’s geometry, that is, a quantitative determination of its
curvature and torsion is very beneficial for how, exactly, these processes and structures
are related to the magnetic field’s topology.

The curvature’s estimation is achieved by MCA, as is discussed in Section 1.2.
The estimation of the torsion have to build on the linear and quadratic gradients (LQGs)

of the magnetic field. According to the torsion’s definition,
T=N-B,, (1.8)
where N is the normal of the curve, B, is the binormal, and a dot atop N indicates a
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directional derivative along the curve’s arc length, the torsion of a magnetic field line can

be deduced as'"

1
T = ?Eijkzbiblbj,l (bmbnmbin + bmbbinm) (1.9)

where b = B/ B is the unit directional vector of the magnetic field. It is evident that we

can estimate it only if the quadratic gradient of the magnetic unit vector is available.

1.4 The research contents of the dissertation

The main research contents of this dissertation are as follows:

(1) we examine possible approaches to estimate the linear and quadratic gradients

of physical fields.

(2) we examine the application of Taylor’s theorem and the least square method to
the determination of the linear and quadratic gradients of physical fields using
data acquired either simultaneously or non-simultaneously from different num-

bers of measurement points.

(3) we, using computer simulation, investigate the feasibility, efficiency, reliability,
and accuracy of the estimation of linear and quadratic gradients using one of the

algorithms shown in the second part of this dissertation.

-10-
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CHAPTER 2

GENERAL ALGORITHMS FOR THE LINEAR AND
QUADRATIC GRADIENTS OF PHYSICAL FIELDS

2.1 Introduction

LQGs of physical fields play important roles in both dynamical and static pro-
cesses involving electromagnetic fields and particles of all kinds and of all energy levels
in space. A good grasp of these processes requires not only consistent observations of
physical quantities in space which always appear as fields but also proper estimation and
recording of the gradients of first order, second order, and even higher orders, of the phys-
ical fields observed. As is discussed in Section 1.2, the electric current, for example, is
derived using curlometer technique which calculates the linear gradient of the magnetic
field and obtains the electric current by summing relevant gradient components according
to Ampere’s circuital law"". The torsion of a magnetic field line can only be attained by
adding components of the quadratic gradient of the magnetic field . Analyzing these gra-
dients of physical fields can help us gain more knowledge about physical phenomena in
space. In this chapter, we review a recently proposed algorithm by Shen at al., ALQG"”,
that can estimate the spatial LQGs of physical fields using a set of more compact notation,
and based on it develop a time-dependent algorithm that can estimate the temporo-spatial
LQGs. The linear gradient achieved in this chapter is of higher-order accuracy than by a
former algorithm derived by Harvey[44].

The outline of this chapter is as follows. In Section 2.2, we introduce the basic the-
ory of numerical differentiation which lays down the basis for the algorithm calculating
the LQGs. In Section 2.3 we examine a naive application of the numerical differentiation
technique introduced in Section 2.2, which is only for functions with one variable, or in
other words for functions in one-dimensional space, on calculating the LQGs of a func-
tion with three variables, that is, a function in three-dimensional space. Section 2.4 gives
a comprehensive review of ALQG using a set of more compact notation that can help it

clarify. Section 2.4.1 present the way ALQG combines Taylor’s theorem and the method

of least square to establish a set of estimating tensor equations of order up to four, which
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should be consistently solved to attain the estimations of the LQGs. Section 2.4.2 shows a
compact form of the estimating equations of ALQG, following which a detailed and com-
prehensive review on the physical meaning of each term of these equations is conducted
and some advantages brought about by setting the geometric center as the target point of
the algorithm are mentioned. Section 2.4.3 presents a brute method that solves the set of
equations numerically when viewing them as a system of linear equations. Section 2.4.4
shows more of subtlety and in accord with the role of each term in the three tensor equa-
tions an approach that is applied by ALQG to solve the equations numerically. Add to that
in Section 2.4.4 the review in Section 2.4.5 that deals with the tensor equation of highest
order of the triplet completes the whole algorithm. In Section 2.4.6 we make a thorough
discussion on two characteristic matrices that emerge from the solution of the tensor equa-
tion of the highest order and show great importance for their influence on the algorithm’s
truncation error. Section 2.5 give a mathematical proof to the statement in ALQG that at
least ten measurement points are needed to conduct a calculation. Section 2.6 is devoted
to developing an time-dependent algorithm for ALQG to stretch its ability to calculate the
temporal LQGs and also make it go at poor clock synchronization among mountains of
measurements. Section 2.7 is a summary and discussion of the constructions and findings

in this chapter.

2.2 Basics of numerical differentiation

Numerical differentiation has been well developed for more than a hundred to two
hundred years. The question soliciting it from mathematical giants in the 18th and 19th
centuries is whether a derivative f’(c) can be estimated from several known values of f(z),
such as f(z;) atx; fori = 1,2,... n. The general answer is yes which is qualified by the
development of various numerical differentiation techniques. The usual way to address

this problem is to start from the definition of the derivative of a real function,

f(x) = lim o(a, h) .1

where ¢(z,h) = (f(x + h) — f(x)) /h is equivalent to a single variable function ¢, (h)
whose value is closer to f’ (x) when its variable A is closer to zero. In other words, the

larger the value of h assumes, the greater the difference between ¢(z, h) and f’ (x) goes.

-12 -



Chapter 2 General Algorithms for the Linear and Quadratic Gradients of Physical Fields

Therefore, the function ¢(z, h) can be used as an estimator of [’ (z) as

f/(x):f(x—i_h}i_f(x)

(2.2)

Here we add a tilde atop the mathematical character f to indicate it is an estimation of f.
When values of f (x) at two points, say z; and x,, are extracted by some measurements
on the real function, the derivative of it at the two points can be estimated as ¢(x1, 2o — 1)
and ¢(xq, 1 — x9). In fact, these two estimations are equal because only one estimation
can be obtained this way by taking into account function values at two points. This can be

realized by combining

o) = {2
(o) = L=,
to get
Fiw)+ (7o) = i ) 2=t = S = T 23)

A general estimator of f(x) at any point = can then be set as

f’ (z) = M (2.4)

To — T
As seen from the left-hand side of eq. (2.3), this estimator contains minor error when both
f3(x) and f! () are good estimators and |z, — z| not too larger than |z, — x|, which
requires that x is close to both x; and .

To access the error contained in the estimator shown in eq. (2.2), Taylor’s theorem

is recalled. The theorem can be written as,

h2

flath)=f(@)+hf @)+ 51" @.5)
By comparing this equation with eq. (2.2), the error is readily obtained as f” (£) h/2 which
converges to zero linearly with h. In the same way, the error involved in the general esti-
mator that can evaluate the derivative of a real function at any point as shown in eq. (2.4),

can be accessed by invoking Taylor’s theorem twice as,

h? h3

Flot ) = £ @)+ I (@) + S @) = )
2 3

Fot o) = £ 2) + haf! () 4 20" (@) = 217 ()
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and combining them to get

fl@+h)—flz+h) hi+h
hi — hy 2

fz) = F (@) + O ((h — ha)?) . (2.6)

By comparing eq. (2.6) with eq. (2.4), the error is easily discerned as varying linearly
with hy + ho. A special case is hy = —hy = h when the second term on the right-hand side
of eq. (2.6) vanishes and the error, therefore, is at the order of h?. This special estimator
of higher accuracy while using the same information as input can be written explicitly as,

fla+h)—f@—h)

7w = -

(2.7)

It is noted that the estimated derivative at the center point of the two measurement points

is of the highest accuracy.

2.3 A rudimental consideration for simultaneous measurements

Since the total mass and volume of payloads onboard a spacecraft and the num-
ber of spacecraft in a fleet are highly restricted by the expensive launches of rockets, the
making uses of multipoint measurement data acquired through space missions have to be
to their limit. The geometric center is of this advantage when the derivative of a physical
field at some point is to be calculated based on the data sampled at multiple locations. This
is evidenced by the special case introduced in Section 2.2 that the estimator of eq. (2.7)
gives an accuracy of one order higher than the general estimator of eq. (2.4) does.

A naive approach to calculate the linear gradient of a field is by applying eq. (2.7)
three times on four measurements at four non-planar points. The points in a constellation
of four in the following are tagged with both x, for themselves and z,; in the form of their
components. Here the Greek character o = 1,2, 3,4 is the index of measurement point
and the Latin character ¢ = 1, 2, 3 is for the three spatial dimensions z, y, z. Estimations

can then be derived as

f(x1) = f(xp) ’

X —X5|

95 f (x1 +x5) /2) = (2.8)

when the first measurement point, x;, is chosen as the base point. Here § = 2, 3,4 in-
dicates the rest measurement points and Jj indicate the partial differentiation along the

direction of the vector x; — Xg. These estimations are of second-order accuracy.

- 14-
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However, a problem arises due to the detachment of three linear gradient compo-
nents at three locations, (x; + x3) /2 for 8 = 2,3, 4. To unite them at a single location,
one may impose them upon the linear gradient components at the base position x;. This
is identical to applying eq. (2.2) instead of eq. (2.7) to the four measurements and gives
first-order rather than second-order accuracy.

A simple way to calculate the quadratic gradient is to calculate the linear-gradient
of the linear gradient. Building on four linear gradients calculated using data from four
sets of four-point measurement, i.e. a sixteen-point measurement, the quadratic gradient
can be obtained similarly as the linear gradients are obtained. This method, nonetheless,
is not of interest, because it does not give an estimation with the least error, nor does it
minimize the number of measurement points required to calculate the quadratic gradient.
As we shall see shortly, the geometric center, in three-dimensional space as it in one-
dimensional space, has merit to achieve the algorithm’s minimal error. And merely ten
points of measurement instead of sixteen are required to provide complete information of
the quadratic gradient.

In summary, a simple application of the differential technique in one-dimensional

space to the estimation of LQGs in space of higher dimensions fails.

2.4 The time-independent algorithm

A physical field is always a continuous function of space and time. In this sec-
tion, we are interested in the field invariant in terms of temporal variable would make a
comprehensive review on ALQG[SZ], an algorithm that can calculate the spatial LQGs. As
a convention for this section, since time is omitted, spatial LQGs are simply referred to
by LQGs. To simplify the appearance of the algorithm, a scalar field f is used here in re-
placement for any tensor field that may concern the data analysts in real application, since
a tensor field is composed of scalar fields.

There are ten degrees of freedom in the question of calculating the LQGs of the
scalar field f at a given spatial point, say x, one of which is for the field itself f (x), three of
which are for its linear-gradient components 0; f (x) where i = 1,2, 3, six of which are for
its independent quadratic gradient components 0;0; f (x) wherei = 1,2,3and j = 1,2, 3.

Note that here we assumed 0,0, f (x) = 0,0; f (x) since physical fields are always infinitely
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differentiable. To provide full information to estimate these ten eventual values, at least ten
points of measurement are needed. This requirement is proved mathematically in Section
2.5, and also verified in the computer simulation shown in Chapter 3.

Taylor’s theorem is a good start point to consider the question, but cannot lead to the
end on its own right. A better approach is to combine it with mathematical optimization,
that is, to minimize the error of the algorithm. The method of optimization has already
been used by Harvey in deriving the algorithm for calculating the spatial linear gradient of
a physical field based on four or more points measurement . But the author has not taken
advantage of Taylor’s theorem and hence that of the geometric center of measurement
points. Independently, Shen at al. combined the Taylor’s theorem and the least square
method to construct the ALQG that can derive not only the linear gradient but also the

quadratic gradient of a field at the center of measurement-point constellation.

2.4.1 Approximating in three-dimensional space

The general Taylor expansion of the scalar field f (xo + Ax) at point x, reads,
1
f(xo + Ax) = f(x0) + Az;0; f (o) + §A901A$jaiajf(xo) +o(|Ax]?) (2.9)

Let the positions of N > 10 measurement points be x,, 1 < o < N and their
displacement be Ax, from the target point, X, at which we wish to determine the LQGs
of the field f, 0; f (Xo) and 0,0, f (Xo), from the simultaneous measurement f (X, ) at each
measurement point . To simplify the equation of Taylor expansion and the equations fol-
lowing, we introduce the notations of f, fo, fo.;,;, where a comma in subscript indicates a
partial differentiation, as substitutes for f(Xo), 0;f (Xo), and 0;0; f (xo), respectively, and

also f, for f (x,). eq.(2.9) can then be rewritten for measurement point « as,
1
Ja = fo+ Araifo; + §Al‘az‘A$ag‘f0,z‘,j + o(|Ax[?). (2.10)

The last term in eq. (2.10), o (JAx|?), is a truncation error and varies at higher than the
second order of | Ax|. If it vanishes, the resultant estimation of the ten values, fa, fo,i, and
f 0,i,j» are precise. Here f with a tilde atop indicate that it is an estimation of the real value
f. The greater the error is, the greater error would be contained in the estimated values.

This is where optimization comes in, to minimize the error o (|JAx|?).
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By summing the squared error over all measurement point indices, we obtain the
action, or total error, as
1 Y L 1- 2
=52 (fa — fo— foil\a; — §fo,i,jmmmaj) . (2.11)

a=1
To obtain its minimum, we finely tune the values of the ten variables. Analytically, the
fitted ten values can be achieved by solving a set of estimating equations which are de-
rived by setting the action’s partial differentiation with respect to the ten variables to be
zero. These ten scalar equations can be cast into tensor forms and present as three tensor

estimating equations,

95 _, 95 =0, 95 _y (2.12)
dfo 8foJc afOJcJ

It is noted that in the third tensor estimating equation which is for quadratic gradient, three

9

more scalar equations that are duplicates of three in the six independent scalar equations,
due to the symmetry of fj,;, are included to make up the full nine-component tensor

equation.

2.4.2 The estimating equations

The three tensor estimating equations in explicit forms are fairly tedious and weary.
Before moving forward to solve them, we introduce new notations tackling the repetitions
to simplify them and make their countenance more compact. Several quantities only re-

lated to the distribution of the constellation of measurement points are defined as,

N
1
== Ax, 2.1
Ri =+ azl Tai (2.13)
N
1
Rij =~ > AzgiAzy, (2.14)
a=1
N
1
Rz’jk = N ; AxaiA$ajAZEak, (215)
N
1
Riju = ; AZ0i AL AL AT . (2.16)

Among them, R; is the geometric center of the constellation, and R;; is the volumetric

tensor . Other quantities related both to the distribution of the constellation and to the

-17 -



Chapter 2 General Algorithms for the Linear and Quadratic Gradients of Physical Fields

measured values of the field are defined as,

1
F=_ 2.17
NZ?@ (2.17)
1 N
Fi= 2 Jaltar (2.18)
1 N
Fl] = N Z fanaiAxaj- (219)
a=1

The set of estimating equations in eq. (2.12) can thence be written explicitly as,

fo=F — fo,Ri — % foiiRij, (2.20a)
FoiRa = Fie— oRe — 5 Foa e (2.20b)
fouiRiji = cu, (2.20c)
where
Cri = 2 (Fkl — foRw — fo,iRikl> ; (2.21)

is defined again for the reason of compactness and convenience. These equations involve
the measured scalar field values contained in F's, i.e. F, F;, F};, the configuration of the

measurement constellation contained in Rs, i.e. 1%, R;j, R;ji, Rijr, and the unknown field

i
and its first-order and second-order partial derivatives at the point X, to be estimated. The
estimations can be acquired through solving this set of estimating equations.

To facilitate the process of solving egs. (2.20a) to (2.20c), a good comprehension
of each term of them is necessary. The first term on the right-hand side of eq. (2.20a),
F, as defined by eq. (2.17) is the averaged measured field values which, in terms of per-
turbation theory, can be viewed as the zeroth approximation of the true field value we
want to determine in the vicinity of the sites where data are drawn by the measurements.
The second term, fO,ZRi, involving the expansion displacement of first order, Ax,;, is the
first-order perturbative correction to the zeroth term. And in the same way, the third term
which contains squared expansion displacement, Ax,;Ax,;, is the second-order correc-
tion. Being added to by the first-order and second-order correction, the initial solution of
the equation, or the zeroth approximation of the field value f,, becomes the second-order

approximation containing decreased truncation error and therefore being of increased ac-

curacy. In eq. (2.20b), the first term is the zeroth approximation of f;,/%;;. When the
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equation does not contain the corrections of first order and second order following this
term, it is presented in a similar form as derived by Harvey[44] and by Shen et al."™” for the
linear gradient of a field. Since we are pursuing the quadratic gradient as well as the linear
gradient of a field, the corrections have to be retained in this equation. In the triad, the
last tensor equation consisting of nine scalar equations, or six independent scalar equa-
tions, serves as a complement to the other two and furnish ranks in the whole system of
the equations.

One thing that deserves a special mention before our diving into solving the equa-
tions is the importance of the geometric center of the constellation. As having been pre-
sented in Section 2.2, this point is of considerable account on reducing the error of and
improving the accuracy of the estimation. In egs. (2.20a) and (2.20b), the second term on
the right-hand sides of the equal marks may vanish, since R; = 0 for all 7 were the geo-
metric center to be chosen as the target point xo. Besides, the displacement of the Taylor
expansion of eq. (2.10) may become the smallest ever available.

In spite of the great advantage the geometric center of the constellation brings
about, here for the sake of the completeness and generality of the algorithm, the special
target point is not chosen in replacement for the more general point Xy, and the terms

containing R; are kept in eqgs. (2.20a) and (2.20b) as these equations stand.

2.4.3 Solving the estimating equations by linear system solvers

Now we turn to solving this complex and convoluted system of tensor equations
of fourth order, that is, a set of tensor equations in which the highest order of the tensors
involved reaches four.

One way to tackle it is by casting this system into the form of ten scalar linear
equations containing ten unknowns. By arranging the ten unknown variables, fo, foﬂ', fo,i, j

into the vector in ten-dimensional vector space,

= (Jo fou Joo Jos Jora Jore Joss fosz foas Joas ). (222

the system of linear equations, in matrix form, is

Si = Ry, 1 <u,5 <10, (2.23)
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where the constant term is defined by
§ = ( F F F F3 2F, 2Fy 2F3 2Fy 2Fy; 2P ) : (2.24)

and the coefficient matrix is defined as
1 Ry Ry Ry iR Rz Rz 3Ry Res 3Ry
Ry Ruy Ry Rsi 3Ry Rism Risi 3Ro;mr Rosi 3Rss
Ry Ry Ry R 3Rus Ris Rizp 5Rem Rop 5Rsm
Ry Ri3  Rys Rs3 $Rus Ris Riss 3Ryms Ross  5Rsss
2Ri1 2R 2Ron 2R3 Run Rionn Rizin Reann Rasu Rasu
2R12 2Ry12 2Ro12 2R312 Rinz Riziz Riziz Raoiz Rosiz Rasie
2R13 2R3 2Ro13 2R313 Rins Riois Rasis Rozis Rasis Rasis
2R30 2Ri22 2R 2R3zp  Riiza Risze Rizoz Rozoo  Rasza Rasza
2Ro3 2Ri23 2Rge3 2R323 Rtz Rizos Rizes Rasos  Rosas  Rasgas
2R33 2Ri133 2Ra33 2R333 Riss Rizss Rizss Rooss Rosss  Rasss
(2.25)

Please not that eq. (2.20c) with two free indices &, [ represent nine linear equations, among
which six are independent since the equation is symmetric with respect to the two free
indices, and correspond to the last six rows in R, or R;; for 5 < ¢ < 10,1 < 57 < 10. We

may list in order the combinations of the two indices of the six independent equations as
J=A{k1}, 1<k<1<3, (2.26)
or explicitly,

J={{1,1},{1,2},{1,3},{2,2},{2,3},{3,3}}, (2.26”)
and based on it construct a six-dimensional linear space whose basis is
b6 = {lA(M|]_ S M S 6} = {)Allfil,f(lﬁg,filfig,f(gf(g,f(g)}g,f(gﬁg}. (227)

This basis is in fact the basis of the last six dimensions of the ten-dimensional linear space
in which resides eq. (2.23), which can be readily solved using common linear system
solvers.

Using linear system solver is too brute to shed some light into the essence of the
algorithm, and cannot give accuracy comparable to given by another method which is
presented in Section 2.4.4. By this method, we could present a comprehensible and peda-

gogical way to address the problem in the form of tensor equations.
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2.4.4 Solving the estimating equations by an iterative method

In light of the discussion in Section 2.4.2 on the meaning of the many terms in
egs. (2.20a) to (2.20c) with regard to perturbation theory, it is natural and reasonable to
come up with an iterative method as the solver for the triad. This method is to produce one
by one a sequence of approximation solutions that converge to the true solution. Suppos-
ing the approximation solution of kth order, the set of fék), féf?, féf?j, is obtained through
computations beforehand, we substitute it into the right-hand side of eqs. (2.20a) to (2.20c)
to calculate the corrections added to the zeroth approximation, such as F' in eq. (2.20a)
and Fj in eq. (2.20b), and compute a new version of the approximation solution on the
left-hand side, that is, of £ 4 1th order. Until an approximation solution with satisfactory
accuracy is obtained, the computation of the method is not ceased. The first set of ap-
proximation solutions, or that of zeroth order, is usually improvised for the scalar field in
real world to accelerate the computational convergence, or in other words, to reduce the
number of iterations in computation. For simplicity, it is recommended to be set as zero,
that is, féo) = fég) = ~(§?i),j = 0.

Because the complexities involved in each of egs. (2.20a) to (2.20c¢) are different,
the time consumed in the computation for each equation varies. Computing them simul-
taneously and separately are not of advantage. In this case, it converges faster to the true
solution when the computations are done consecutively, that is, to substitute the approxi-
mation of the LQGs of kth order, fé’?, fé]?j, into eq. (2.20a) to obtain fo(kﬂ) substitute the

(k+1)

lately calculated fokﬂ) and the old fo 1ij Into eq. (2.20b) to obtain fo , and substitute

the newish fOkH) fOkH) into eq. (2.20c¢) to obtain f0k+1 .

The step-by-step approach is summarized as follows for clarity,
(1) Set the initial values of fo, fo,i, and foﬂ-d.
(2) Substitute current foﬂ- and fom into eq. (2.20a) to obtain a new fo.
(3) Substitute current fo and fom into eq. (2.20b) to obtain a new fo,i-
(4) Substitute current fo and fo,i into eq. (2.20c) to obtain a new fo,i’j.

(5) Repeat steps 2-4 until a satisfactory accuracy of the estimation is achieved.
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For Step (1), as has been discussed above, zeros are advised as the initial values. For Step
(2), the computation is simple. For Step (3), with both sides of eq. (2.20b) multiplied by

the inverse of the matrix R, it is easy to calculate the new fNOJ as
. . 1 -
for= (R (Fk — foRy — §fo,i,jRijk:) . (2.28)

While the computations involved in egs. (2.20a) and (2.20b) are straightforward, the task
of solving eq. (2.20c) containing tensors of order as high as four to obtain fo,i,j is arduous
and thereafter entails another special subsection devoted to it. In addition, the solution of

this equation leads to some important insight into the capability of the algorithm.

2.4.5 Reducing tensor order

The form of eq. (2.20c), in general, is similar to that of eq. (2.20b). As an analogy
to the solution of eq. (2.20b), eq. (2.20c) can be solved as a no-brainer when multiplied
by the inverse of the fourth-order tensor R;;x;, if there is one. But there is no method yet
available to attain the inverse of a fourth-order tensor.

One thing noteworthy, if each term in the equation is inspected carefully, is that the
indices ¢, j and k, [ always appear as pairs. To put it another way, ¢ always accompanies j
and k always attend 7. This point implies that we may combine the paired indices directly
into one index and reduce the order of the tensor equation.

Let the index for the combination of indices (¢, j) to be M and for (k,[) to be N.
The original space on which eq. (2.20c) holds is three dimensional, and whose basis is the
set of (X1, X2, X3). After the combination, or transformation, since the fourth-order tensor
R;j1 1s a fully symmetric tensor, the new space on which the transformed equation holds
is six-dimensional, the basis of which is in actual fact eq. (2.27), the basis of the last six
dimensions of the ten-dimensional linear space to which eq. (2.23) belongs.

Note that the transformed equation is not simply the eq. (2.20c) with subscripts
substituted by M, N, because there are hidden summations over all three-dimensional
indices that present twice as subscripts. A further work to be done is to transform these
summations into their six-dimensional counterpart, that is, to convert Zf’ =1 to Z?/[:l and
227121 to °5%_,. The summation over index M is identical to the summation 3°_, Zj’: ;

as evidenced by the basis of the six-dimensional space shown in eq. (2.27). So eq. (2.20c)
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may be rewritten as
3 3 )
(2 = 645) Rijrifoij = c (2.29)

)

1

1
The coefficient, 2 — d;;, by which the left-hand side of the equation is multiplied, is a com-
pensation to it for the lost terms of the exchange of 7 and j. The tensor R;;x; is symmetric,
but with the coefficient, (2 — d;;) R;;i is no longer symmetric with respect to (ij) and
(kl). To repair the broken symmetry, both sides of the equation is multiplied by one more
coefficient, (2 — dy;). Therefore, the equation reads
3 3 )
(2 = 6r)(2 = 0ij) Rijwa fo.ij = (2 — Omt) Cha- (2.30)

)

=1 7
Now the subscripts indicating three-dimensional space can be replaced by the new set of
indices of capitalized Latin characters, M, N which is for six-dimensional space, and the

resultant equation reads

FuRun = Cw, (2.31)
where
Run = (2 = o) (2 — 0i) Riigy ) (2.32)
For = Joig. (2.33)
CN = (2 — 5kl) Ckl. (234)

Note that the R/ is symmetric because of the multiplication of (2 — dx;), and only de-
pends on the geometrical distribution of the measurement points since it is obtained from
reducing R;jx;’s order. It is a characteristic matrix of the distribution of the measurement
points and, in fact, is of great significance as we shall see at the end of this subsection. The
unknown vector F comprises the exact six independent quadratic gradient components.
The symmetric matrix R,y can be diagonalized and its the normalized eigenvectors cor-
responding to the eigenvalues \y;, 1 < M < 6 with \py > Ay forall M > N, can be
found as bg. = {€y|1 < M < 6}. The transformation matrix form the basis of bg to bg,,

A, 1s constructed by

ey = AynKy. (2.35)
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The coefficients of a vector, say ey ey = k MRM, on these two set of basis, are related by
e =kn (A1) - (2.36)

Since A~! is the inverse of A, eq. (2.31) can be
Fu (A71>MJ ARk (Ail)Ko Aon (Ail)NI =Cn (Ail)NI’

where two sets of A~' A are inserted on the left-hand side and both sides are multiplied
by a A~!. Through straightforward calculation, this equation can be cast into the form

comprising only coefficients of tensors on bg,,
Fiar =7, (2.37)

where F; = Fy (A™1),,; and C; = Cy (A1) are the coefficients of the correspondent
vectors in terms of the basis of bg.. Note that the repetition of the index of  in this equation
does not imply a summation convention. The unknown F7 is calculated by C'; /A1, and then
through the inverse transformation from the basis of bg. to bg can be converted to Fj; =
FrAry. This F, according to eq. (2.33), is composed exactly of the six independent
quadratic gradient components being looked for.

With eq. (2.20c) solved in this way, together with eqs. (2.20a) and (2.20b) solved
in Section 2.4.4, a complete algorithm for LQGs of a physical field building on at least ten

points measurement is established.

2.4.6 The characteristic matrices of the distribution of measurement points

The characteristic matrix R and its relative, another characteristic matrix,
AN = Riij) iy (2.38)

which is the directly reduced version of the fourth-order tensor 2;;;,; are of great value on
showing the capabilities and requirements of the algorithm and thereafter deserves some
special comments before we leave this section. They rely on the distribution of the con-
stellation and hence contain information about how the distribution affects the truncation
error of the algorithm. But as defined with the tensor 12;;; which depends on not only the
constellation’s distribution but also the position of the target point, they are not exactly in-
trinsic to the constellation. A better way to address this concern is to utilize the geometric

center as the target point, and the corresponding tensors R¢ and #° for analysis.
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At first glance, one may discern that the importance of R° lie in the fact that
the eigenvalues of R° should not be zero, because otherwise the calculation of F} us-
ing eq. (2.37) fails. To examine it in more detail, a direct relation between the number of
zeros of its eigenvalues and the spatial configuration of the constellation is easily justified.
When all measurement points are aligned along one direction, say x-axis, only Ax; does

not vanish which lead to a bare 12111 survived and hence R{; non-vanishing as,

c
11 0

RS = o o --- |- (2.39)

This is, in fact, the case of one non-zero and five zeros of the eigenvalues of R°. On the
other hand, for measurement done on one line, no information about the difference of the
physical field along two other directions orthogonal to it is obtained; And the LQGs cannot
be calculated based on such measurements. When all measurement points are positioned
in one single plane, intuitively, no gradient components along the normal of this plane can
be obtained. Mathematically, supposing it is the plane of x — y, Ax; is zero, in which case
all components of R with subscripts 3 are zeros, and only the up-left corner of the matrix

R°¢ has non-zero values as,

1 Ry Ris 0
51 R Ry 0

R = 51 R3 Rig 0 (2.40)
0 0 0 0

This matrix’s rank is three, so it can be diagonalized and with three non-zero eigenvalues
left. The transformation of the basis in the diagonalization does not involve any unit vec-
tor in the six-dimensional space constructed upon the unit vector X3 in three-dimensional
space. So no information about the gradient along X3 can be achieved which is consistent
with the foregoing intuitive imagination.

Zeros of eigenvalues of the rank-deficient R¢ result in incalculable relevant F7
and therefore relevant components of F. But small values of them, barely according to
eq. (2.37), might not heavily affect the total error involved in the computation, for the

reason that the error generated by the calculation of eq. (2.37) is a roundoff error that
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is by several degrees smaller than the algorithm’s truncation error. However, they may,
through other ways, exert a strong influence on the total error, that is, by truncation error.

To get a more deep understanding of how the configuration of the constellation
make an effect, rather than R¢, it is more of goodness to dwell upon the characteristic
matrix Z° that is derived from reducing the order of the tensor R?;;;; directly without the
multiplication by the coefficients 2 — d;; and 2 — §;;. This is because R° is not a tensor,
while Z° is and its eigenvalues are invariant under the transformation of the coordinate
system of the three-dimensional space. As arule of thumb, invariants are always important
quantities in physics. So do the eigenvalues of Z°.

A comparison of this matrix with the volumetric tensor R;; can be made to gain
knowledge about what the eigenvalues of it stand for. In the case of calculating the linear
gradient of a field, it is of particular interest to evaluate how far the constellation extends
from its geometric center, because this distance, which may be referred to by /, determines
the truncation error of the algorithm as the parameter h does for the estimator of eq. (2.7)
in the one-dimensional case. To answer this question, we may construct a variance, along
a certain direction n, of the geometrically centric distances of all measurement points in

the constellation as
1
2 - 2
o (n)—N E (mAQSM) . (241)

The standard deviation o (n) is assured of the quality the distance [ has, since it is a measure
of the dispersion of the measurement points” positions. However, ¢ (n) is a function so
variable with the direction n that no specific value of it is set to be [. o (n) is bounded,
so it has a maximum and a minimum along two directions perpendicular to each other.
These two directions plus the third direction along which o (n) is stable can be obtained

by subjecting the minimization problem to the constraint n - n = 1, that is,

0

(g (w) + Ann - 1)) =0 )

or explicitly,
0 1 9
o \ N > (nidwei)? + A (nin; — 1) | = 0. (2.43)
By distributing the partial differentiation to the two terms in the outmost parenthesis, this
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equation is equivalent to

1 0 9 0
- AT — (nyn; — 1) = 2.44
Nanj;(m Tai) +)\8nj (nin; — 1) =0, (2.44)
and further to
1
~ > AT Aza; + An; = 0. (2.45)

This equation, by using the definition of R;; in eq. (2.14), can be cast into a compact form,

It is clear that ns, or n; for 1 < 7 < 3, are the eigenvectors of the volumetric tensor R ;.
Along these directions, the maximal, median, minimal standard deviation of the distribu-
tion of the measurement points can be obtained as o (n;) for 1 < ¢ < 3. Since R;; is
symmetric, these eigenvectors are orthogonal. In the coordinates frame whose basis is the
set of eigenvectors, ns, the matrix R;; is diagonalized so as to make the remaining ele-
ments [7;; for 1 < ¢ < 3 to be the three eigenvalues \;; 1 < 7 < 3 with \; > \; for all
1 > j. And the three characteristic lengths, instead of a single length [ that may not be ap-
propriate for three-dimensional space, are exactly [; = o (n;) = /Ry = /\;. Therefore,
the square roots of the three eigenvalues show the dispersion of the constellation along
the three axes of its geometrically characteristic coordinates frame, and each, of /;, serves
as the small displacement h in eq. (2.7) for the corresponding direction, or dimension in
three-dimensional space.
In the case of quadratic gradient, we conjecture that some characteristic parameter
Ly forl < M < 6 with Ly; > Ly for all M > N takes similar effects, as /; do in
the linear gradient case, on the truncation error of the algorithm. Because differentiations
are taken consecutively along two directions that are either orthogonal or identical to each
other, the characteristic parameter may be in the form of Ly, = [;{; for1 < < 3,¢ < j <
3. L; indicates the maximal variance of the constellation’s distribution when combining
the variances arising from two directions together. Note that the two directions may be
the same, and intuitively, must be the same for the maximal and minimal variances. This
point is plausible when one constructs a variance function as
ot (ny,my) = % D (m1iAxai) (n2iAza;)” . (2.47)

o

-27 -



Chapter 2 General Algorithms for the Linear and Quadratic Gradients of Physical Fields

If the form of the parameter, Ly, = [;l;, exists, %3, should have, in quadratic gradient
case, as has R;; in linear gradient case, the role that its eigenvalues are directly related to

the variance by \/%5,,; = L. Its eigenvectors should be in the form of

- (2.48)

ey = XX
where X; = s,;X; are combinations of the basis vectors in three-dimensional space. Nonethe-
less, as we shall see in Chapter 3, eq. (2.48) does not necessarily hold, although e,, are
combinations of kj, that are defined in terms of the basis of the three-dimensional space

as in eq. (2.27).

2.5 Proof of the Required Number of Points at a Minimum

The fact that there are ten unknown variable altogether suggests ten measurements
are needed. To prove this point, we may break it down to two parts and prove them sep-
arately. The first part is that there exists a set of ten measurements that can be used to
estimate the complete linear and quadratic gradients. The second part is that any set of
measurements less than ten cannot give a complete estimation based on the algorithm.

According to eq. (2.23), if the coefficient matrix R is of full rank, that is, ten,
we can solve the equation to obtain the estimation. On the other hand, if R is not of
full rank, in which case eq. (2.23) cannot have any unique solution, the estimation is not
obtainable. Therefore, the two parts of the proof are transformed to that in the special case
of ten measurements, R is of full rank, and that in any case of less than ten measurements,
R is not a full rank matrix.

The first is easy to prove if we use some computer program to generate at random
ten sets of three dimensional vectors, each representing in space the position at which a
virtual measurement is made, and based on which the rank of R is calculated and compared
with ten. The simulation regarding the error by number of measurement points shown in
Section 3.5 is an example in which a set of ten positions makes full the rank of YR and leads
to complete and correct estimation.

The second part is a general proposition that requires more dedication. To prove

the second part, we should consider another set of NV estimation equations,

_ _ 1 .
fa = fo+Azgifoi + §AxaiA$ajf07i,j ; (2.49)
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where 1 < a < N.

We would like to show that eq. (2.20), or eq. (2.23), are linear combinations of
eq. (2.49) over all possible a. Let E,, indicate eq. (2.49), and E, A € {a, b, c} for three
equations of eq. (2.20). We have

1
~ > E.=E,, (2.50a)
1
~ > EuAng, = By, (2.50b)
1
~ > E.Aze,Aza, = E,. (2.50¢)

Therefore, eq. (2.20) or eq. (2.23) is a linear recombination of eq. (2.49) over all .. The

coefficient matrices of these linear system are also subject to the same linear combination

1
~ Y Coj=Ci=Hy;, 1<;j<10 (2.51a)
1 . .
NZCaijak:Cb:%j, 2<k+2=i<4,1<;<10 (2.51b)
1
~ D CojArarAaa =Ry, {k1} €T —5<i<10,1<;j<10 (2.51c¢)

where C,, is the coefficient matrix of the linear system of eq. (2.49) as,

Ca=(1, Ar.. z;smxmmaj), 1<a<10,1<i<j<3, (252

or explicitly,

T
1, e 1
Ay, MR Axygp
JAV AT cee, Axi03
_ 1 1 ’
¢ = §A$10A$10 y T §A$100A3€100 . (2.52°)
AzipAzyy, -+, AzipArie
AzpAzyz, -+, AwieAries
1 1
§A$13Al‘13 y Tt §AI103A$103
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Note that on the right side matrix the superscript T represent transpose and 10 in the sub-
scripts of the symbols in the last column of the matrix represents a single index rather than
a combination of two indices 1 and 0. In eq. (2.51¢), six combinations of k, [ according
to eq. (2.26) correspond to six possible value of the index 5 < 7 < 10. eq. (2.51) can be

rewritten as
(Co)ig Coj = Ryj, 14,5 <10, (2.53)

where the coefficient matrix C, for the linear combination in eq. (2.50) as well as in

eq. (2.51) s

1
C.=| Az , 1<a<10,1<k<1<3, (2.54)
A-Tozszxozl
or explicitly,
1, e 1
Az, Tty AV AT
A$13, Tt Axi03
Ce= | AzoAzi, -+, Azi90ATin0 : (2.54%)
AxigAxyy y T Az100Az101
Azi19Azi3, -+, AxioAzi03
Axi3Aziz, -, Azi03AT103

Note that 10 in the subscripts of the symbols in the last column represents a single index

rather than a combination of two indices 1 and 0. According to eq. (2.53), we have
rank () < min (rank (C,) , rank (C)) . (2.55)
The rank of C' satisfy the inequality
rank (C') < min (N, 10) . (2.56)
Combining eq. (2.55) and eq. (2.56), we get

rank (R) < N, (2.57)
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which means when the number of measurements is less than ten, N < 10, of eq. (2.23)
the coefficient matrix, R, is not of full rank.

To this point where two parts of the original proposition that at least ten measure-
ments are required to give complete estimation are proved successfully, we conclude this

proposition true.

2.6 The time-dependent algorithm

The algorithm shown in Section 2.4 involves ten or more points measurement. If
these points indicate instruments, such as electric potential probes onboard one spacecraft,
it is easy to make sure that the measurements at different points are made simultaneously as
is required by the time-independent algorithm shown in Section 2.4. For the case of multi
points on multiple spacecraft, in which each instrument requires a spacecraft to carry it,
the algorithm may require ten or more spacecraft to be temporally synchronized. This is
not easily guaranteed in such a large constellation. To deal with the effect of poor satellite
clock synchronization, a time-dependent algorithm is needed.

A complete description of a physical field in space and time is written, nominally,
as f(t,z,y,z) by extending the parameter space from three-dimensional space whose
basis is solely spatial to four-dimensional space in which a vector x has four components
z,, for 0 < pu < 3 standing for temporal and spatial parameters ¢, z, y, 2. Note that Greek
character is used as the component index for four-dimensional space here while Latin
characters, as in Section 2.4, are used for three-dimensional space. A set of space-time
parameters is sufficient to pinpoint a measurement. Multiple measurements conducted at
different temporal and spatial positions by one spacecraft do not make any difference when
compared with measurements by multiple spacecraft. In other words, using indices for the
measurements is more accurate to distinguish the data input of the algorithm than for the
spacecraft that performs the measurements. Therefore, we use x,, for the temporal-spatial
position where the measurement « is made and z,,,, for the uth component of the position.

The Taylor expansion of a field measurement f,, is written as
1
fa = fO + Axa,uf(],u + éAxaquanO7“7y + 0(|AX‘2> , (2.58)

where Latin subscripts ¢, j in eq. (2.10) for time-independent measurements are replaced

by Greek subscripts p, v for the time-dependent case. Note that o here is the index of
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measurement rather than spacecraft.
The total error to be minimized, when N asynchronous measurements are con-

ducted, is

N 2
1 ~ - 1 -
S = N ; (fa — fo— fO,MAfEaM - EfO,M,VAxauAmow> , (2.59)

which is again a simply extended version of its time-independent counterpart eq. (2.11).

With a similar approach to get eq. (2.12), fifteen scalar equations are obtained and kept

in tensor form as

95 _y 95 =0, 205 _y, (2.60)
afl) afo,u afO,u,V

The first tensor equation in eq. (2.60) is a scalar equation. The second tensor equation is

)

composed of four scalar equations as i ranges from 0 to 3. The third tensor equation is the
compact version of ten independent scalar equations since both x and v range from 0 to
3 and fO, v 18 symmetric with respect to 4 and v. Several quantities in close relationship
with egs. (2.13) to (2.16) that only depend on the temporal and spatial distribution of the

constellation are constructed as follows

R, = % i AV S (2.61)
a=1

R, = % XN: Az, Ay, (2.62)
a=1

R, = % i Az 0y Axa, Axq, (2.63)
a=1

Ruvps = % g: A2y AT 0y ATy AT . (2.64)
a=1

Note that « is the index for measurement points rather than four dimensions. R, is the
spatial and temporal center of the measurements, and 12, is the volumetric tensor in four-

dimensional space. Other quantities related both to the distribution of the constellation
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and to the measured values of the field are defined similarly as,

1 N
F=— 2.
N;m (2.65)
1 N
Fo=+ > falATay, (2.66)
a=1
1 N
Fu =5 D falAzo, Az, (2.67)
a=1

The set of estimating equations in eq. (2.60) can then be rewritten explicitly as,

. _ 1 -
fO =F - fO,,uR,u - §f0,,u,,1/R,uz/7 (2683)
. _ 1 -
fU,uRup = Fp - fORp - §f0,,u,1/R/Wp> (268b)
fO,M,VR,LLZ/pU = Cpo, (268C)
where
oo =2 (Fpo = JoRoo = JouRupo ) - (2.69)

The methods of solving this set of time-dependent equations numerically are alike to those
of solving time-independent equations, eqgs. (2.20a) to (2.20c).

In general, there are two ways to solve them. The first, which is analogous to
the method presented in Section 2.4.3 for time-independent case, is to cast this system of
equations into fifteen independent linear equations in which fifteen unknown variables, fo,
fo, . and fo%y, can be obtained by solving them using linear system solvers. The explicit
formation of this method is not presented here partly due to the bulky matrix of order
15 x 15 and partly for its similarity to its time-independent counterpart.

The other way, which is more of culture, as it not only iterates to refine the esti-
mations of the unknown variables, which is the essence of the algorithm, but also make
use of invariants internal to the distribution of the measurement points rather than the su-
perficial components of the tensors, F's, and s, is as same as presented in Section 2.4.4.

The recommended procedure is as follows,
(1) Set the initial values of fo, fo’“, and fo%l,.

(i1) Substitute current fo,u and f(],w into eq. (2.20a) to obtain a new fo.
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(i11) Substitute current fo and fO,W into eq. (2.20b) to obtain a new fo,#.
(iv) Substitute current fo and fgyu into eq. (2.20c) to obtain a new fo,u,w
(v) Repeat steps 2-4 until a satisfactory accuracy of the estimation is achieved.

For Step (i), as has been discussed in Section 2.4.4, zeros are advised as the initial values.
For Step (ii), the computation is simple. For Step (iii), with both sides of eq. (2.68b)

multiplied by the inverse of the matrix ?,,,, it is easy to calculate the new fo,‘, as
N B - 1 -
oo = B (B = Faty = o). @.70)

To solve eq. (2.68c) and give a new estimation of f&u,u based on current f, and
fo,u, it is again advisable to reduce the tensors’ order and increase the dimension of the
space from four to ten. Let the index for the combination of indices (i, v) to be © and
for (p, o) to be 2. The new space constructed from the original four-dimensional space,

whose basis is (X, X1, X2, X3), is ten-dimensional, the basis of which is

bio = {keo|l < © <6} = {XoXo, XoX1, XoXa, X0X3, X1X1, X1X2, X1 X3, XoXo, XoX3, X5X3 }.

(2.71)
eq. (2.68c) in this ten-dimensional space reads
FoRes = Cx, (2.72)
where
Rex = (2= 00)(2 = 0 ) B o) (2.73)
ﬁ@ = fNO,u,Vv (274)
Cy, = (2= 9,0) Cpo- (2.75)

The Reyx is symmetric and only depends on the temporal and spatial distribution of the
measurement points since it is obtained by the reduction of R, ,,’s order. It is a charac-
teristic matrix of the distribution of the measurement points. The vector F to be deter-
mined comprises the exact ten independent quadratic gradient components. The symmet-
ric matrix Rey, can be diagonalized and its the normalized eigenvectors corresponding

to the eigenvalues \g,1 < © < 10 with A\g¢ > Ay for all © > 3, can be found as
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bige = {€0]1 < © < 10}. The transformation matrix from the basis of b to that of by,

Aes, 1s constructed by
éo = Aosks. (2.76)
The coefficients of a vector, egeg = k@f(@, on these two sets of basis, are related by
eo = ks (A7) - (2.77)

By using the new basis, bj¢., for the ten-dimensional space, eq. (2.72) can be transformed

nto
)y = Cr, (2.78)

where Fy = Fg (A1) gy and Cy = Fx, (A™!) g are the coefficients of the correspondent
vectors in terms of the basis of byp.. The repetition of the index of T in this equation
does not imply a summation convention. The unknown F is calculated by Cy /Ay, and
then through the inverse transformation from the basis of by, to b;9 can be converted to
Fo = FyArve. Step (iv) is worked out at this point.

By following the procedure from Step (i) to (v), one can calculate the LQGs of a
scalar field in the four-dimensional space, that is, its space-time domain. In practice, the
linear and quadratic gradient components involving the temporal domain, f,o and fo .,
are usually not of interest and hence can be disregarded. The ten other components that
are solely spatial in this the time-dependent algorithm are obtained as the replacement for
the ten concerning Section 2.4 in time-independent algorithm for a collection of data that
are not well temporally synchronized.

This algorithm requires at least fifteen measurements as input. The five more mea-
surements account for one more freedom added by the time derivative for the linear gra-
dient, fj o, and four more freedoms for quadratic gradient by the combinations of a time
derivative with itself and three spatial derivatives, fo.0, fo.1, fo,2, fo,3. A rigorous proof can

be given in analogue to that, discussed in Section 2.5, of time-independent algorithm.

2.7 Summary and discussion

In this chapter, we reviewed a time-independent algorithm and building on it con-

structed a time-dependent algorithm for LQGs. The first is based on ten or more points
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at which measurements are done simultaneously and therefore is time-independent. The
other is based on fifteen or more measurements that scatter over not only spatial but also
temporal domains which means it is time-dependent.

We first introduced the basics of numerical differentiation, which not only pro-
vided the foundation of the algorithm to be derived but also showed the good value of the
geometric center as the target point of numerical differentiation in the one-dimensional
case.

The first time-independent algorithm was introduced then. By making use of the
Taylor’s theorem that expressed the field at the measurement points which show no dis-
crepancy in their time stamps as the field at the target point plus two small quantities
involving LQGs and a truncation error, and the least square method that minimize the
sum of squared truncation errors, a triad of tensor equations, or ten scalar equations, are
constructed that gave estimations of the LQGs of a physical field at any target point not
far from the constellation of measurement points. The time-independence of these equa-
tions requires that the measurements are conducted simultaneously which is easy to do for
measurements on a single spacecraft and for measurements conducted on a small constel-
lation of spacecraft. The geometric center is of particular interest when one is to achieve
the highest accuracy available among those provided by the algorithm using all possible
target points.

A brutal way to solve the set of equations is to view it as a system of linear equations
whose coefficient matrix is of order 10 x 10. The other way is to iterate over them in tensor
forms, which is suggested by the fact that they are perturbative in nature. The procedure is
summarized as five steps in Section 2.4.4. Itis to calculate the field at the target point using
predefined LQGs of it, then to calculate the linear gradient using the field and its predefined
quadratic gradient, and after that to calculate the quadratic gradient using the obtained
field and its linear gradient. This is the first iteration. The following iterations utilize the
obtained field and its LQGs as predefined quantities and are performed until tidy accuracy
is achieved. At least ten measurement points are required to fully determine the LQGs of
the measured field, lest either the algorithms would collapse due to rank deficiency or the
estimations would contain errors of considerable size even if the algorithms generate them

in the usual ways.
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Two characteristic matrices, R° and Z°, appearing in the acquisition of quadratic
gradient in the foregoing procedure play important role in the determination of the algo-
rithm’s truncation error. This is manifested both by the geometrical interpretation of their
eigenvalues and by their comparison with the volumetric tensor which is long known for
its influence on the linear gradient of a physical field“™. The quadratic gradient can be
estimated only if the six eigenvalues of the characteristic matrix R¢ are non-vanishing. Z°
is a variance of the constellation of measurement points along two directions as compared
with the volumetric tensor as a variance along one direction.

A time-dependent algorithm was derived in a similar way as was for the time-
independent case. In this scenario, different measurement data are not only distinguished
by their spatial distribution but also temporal distinction. So this algorithm can be suitably
applied to a large constellation of spacecraft, for which temporal synchronization is hard to
achieve among its constituents. The spatial-temporal center of the measurements for this
algorithm is of equal quality the geometric center has for the time-independent algorithm
and is consequently recommended as the algorithm’s target point. At the minimum, fifteen
distinctive measurements are needed to give a sound estimation of the LQGs of the field.

The algorithm developed is general in that, except for the case of zero eigenvalues
of the characteristic matrices, no severe restriction is imposed on the configuration of the
constellation. As a constellation of spacecraft moves in space, each spacecraft proceeds
along its own path, and the configuration, i.e. the shape, the size, and even more hidden
features, of the constellation changes. The algorithm is robust under the ever-changing
configuration. In addition, although the algorithm is developed above solely to estimate
scalar physical fields, it is easily extended to estimate vector fields and even tensor fields
of higher order as long as it is recognized that each component of a tensor field is a scalar

field.

-37-



Chapter 3 Testing the Time-independent Algorithm

CHAPTER 33

TESTING THE TIME-INDEPENDENT
ALGORITHM

3.1 Introduction

The two algorithms shown in Chapter 2 are able to estimate the LQGs of physical
fields, when the measurements are done concurrently and non-concurrently, respectively.
In this chapter, we focus on the modeling and test of the time-independent algorithm,
which is the more basic algorithm. Our goal is to verify the feasibility and reliability
of the algorithm and also test how its accuracy varies with the changing measurement
conditions.

For measurements in the real world, the large-scale physical field we are interested
in is always convoluted with fluctuations of short periods that are associated with wave
disturbances. Various filters can be applied to eliminate all these fluctuations”, and there-
after prepare smooth data for the adequate application of our algorithm. In this regard, the
data inputs of the algorithm in our modeling are set as free of noise and accurate. The
sampling interval is another factor that would affect the overall accuracy and that comes
before the involvement of the algorithm’s truncation error. When the spatial sampling
interval is comparable to the separation among measurement points, the algorithm fails
because of undersampling which occurs when the sampling rate, which is the inverse of
the sampling interval, is below the Nyquist rate which, in this case, is roughly the inverse
of the spatial scale of the gradients. Since this is a limitation internal to multipoint mea-
surement rather than to our algorithm, we make the data sampling instantaneous in the
following modeling.

Using three magnetic field models and one electric potential model, we analyze the
accuracy of the algorithm. The algorithm requires at least ten measurement points. In the
following modeling, a fifteen-point measurement system is utilized to study the convergent
behavior of the iteration method and the variation of the truncation error with relative
measurement scale, L/ D, which is the ratio of the measurement scale to the field structure

scale, after which much more constellations consisting different numbers of measurement
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points are included to explore the relationship between that number and the algorithm’s
truncation error.

In Section 3.2 we describe the constellation of the measurement points used for
the modeling. In Section 3.3 we prove the feasibility and reliability of the algorithm and
test its accuracy using a magnetic flux rope model. Section 3.4 shows the modeling of
the algorithm to further calculate the curvature of magnetic field lines using a dipole mag-
netic field. In Section 3.5 by using a modeled magnetospheric field (MMF), we show
the modeling to further calculate the torsion of magnetic field lines and also explore the
relationship between the number of measurement points and the truncation error of the

algorithm.

3.2 The configuration of the constellation

The modeling makes use of a constellation of fifteen spatial measurement points
generated at random. In total, seventy-five numbers are generated randomly in the interval
of [0, 1), and grouped into fifteen sets of triads, each indicative of the three-dimensional
coordinates, z, vy, z, of a measurement point. The coordinates are then transformed into
the geocentric reference system, that is, by subtracting the coordinates of the geometric
center from each point’s coordinates. The fifteen sets of coordinates are summarized in
Tab. 3—1, in which « is the index of the measurement point. These points are also schemat-
ically shown in Fig. 3.1 which contains a three-dimensional view and two two-dimensional
views. Note that the units of physical quantities in modeling are senseless, and therefore
that unites are omitted from not only the coordinates but magnetic field and electric po-
tential field later on.

As had been discussed in Section 2.4.2, the geometric center of the constellation
as the target point is of particular value to attain the highest accuracy. It also simplifies
the calculation of the triad egs. (2.20a) and (2.20b), since the vector R; vanishes and two
terms are thereafter omitted in these equations. For these two reasons, we choose it as the
target point of the modeling that follows. And this is where the A ahead z, y, z in Tab. 3—1
comes in. Az, Ay, and Az are not merely the coordinates of each measurement point in
the geocentric system but the distance of these points from the target point, as was defined

in eq. (2.9).
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Table 3—1: The distribution of the fifteen measurement points for time-independent algorithm’s modeling.

« Al’(a) Ay(a) AZ(Q)
1 —0.35625871  0.31260078  —0.32278244
2 0.10122866  —0.34510246 —0.09863743
3 —0.0457695 0.05588475 —0.21706713
4 0.32933612 —0.24280729  0.04528155
5 0.12109147 0.51034979 —0.0619287
6 0.20122728 —0.30162608 —0.36376746
7 —0.40462318 —0.03405563 0.38863522
8 0.05050484 —0.1127686  —0.02729327
9 —0.04648151 —0.0895545 0.37713579
10 0.45307819 0.2590997 —0.27757502
11 0.14281801 0.47971461 0.01243332
12 —0.23975622 —0.27111845  0.38020116
13 0.19652825 0.14035597 0.29059016
14 —0.4270209 —0.07966877 —0.48569933
15 —0.07590281 —0.28130384  0.36047358
0.4 ° ° o P °®
0.2
N 00 . ° . .
-0.2 ° r °
—0.4 ’ ¢ ° )
—06 —04 —02 00 02 04 06-06 —04 —02 00 02 04 06
X y

Figure 3.1: The distribution of the fifteen measurement points for time-independent algorithm’s modeling.
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Table 3-2: The eigenvalues of the characteristic matrix R

)\1 AQ )\3 A4 /\5 )\6

0.002728 0.008468 0.01080 0.01130 0.02385 0.03512

The size of the constellation is of particular interest since it defines the measure-
ment scale and hence the relative measurement scale. It, according to Harveym], is twice
the largest characteristic lengths of the constellation. The three characteristic length, the
three square roots of the eigenvalues of volumetric tensor, of this constellation are a =
0.75, b = 0.61, and ¢ = 0.24. So the size of it is 2a = 1.5, and the measurement scale, by
definition, is also L = 2a = 1.5.

The characteristic matrix, R, can be calculated based on the coordinates shown in

Tab. 3—1 as

0.15 1.89 —0.52 3.52 —3.26 7.68
1.89 14.09 —6.52 2.89 —3.32 1.90
—0.52 —6.52 30.73 —1.66 3.79  0.50 ,
R = x 1073, (3.1)
352 2.80 —1.66 11.54 —3.07 3.68
—326 —3.32 3.79 —3.07 14.73 —3.23

768 190 050 3.68 —3.23 12.02

Its eigenvalues are shown in Tab. 3-2. They are not small values as compared with each
element in the matrix of R, which means the distribution is suitable for the algorithm. In
the following modeling, the constellation’s shape will remain unchanged when its size is
scaled up and down so as to keep the relative positions of each point to others unchanged

when adjusting the measurement scale of the constellation.

3.3 Magnetic flux rope

Magnetic flux rope is a basic magnetic structure that plays important roles in solar
physics, heliophysics, and magnetospheric physics. So it serves as our first magnetic field
model to test the algorithm. An axially symmetric, i.e. of zero oblateness, force free flux

rope, according to Lundquistm], in cylindrical coordinates system reads

B = B0, J; (ar), Jy (ar)], (3.2)
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where Bj is the characteristic strength of the magnetic field of this model; J, is the first
kind of Bessel function of order n; « is the reciprocal of the characteristic length in the
x —y plane of the flux rope; r is the distance between the observation point and the z-axis.
Although how large the values of the overall magnetic strength and the spatial scale do
not affect the accuracy analysis, for the sake of completeness, we formally set By = 60
and 1/« = 1 in the modeling. Viewing the variation of the first kind Bessel functions of
order zero and one with its variable, to set the characteristic structural scale D = r when
r<land D =1 whenr > 1 is in order.

The linear gradient of a magnetic field is composed of 9 independent components,
and the quadratic gradient of 18 components. They, in total, are composed of so many el-
ements that detailed studies on each one are unnecessary. More over, repeated and redun-
dant studies are so tedious that had better be simplified. Benefiting from the symmetries
of the flux rope model, that the magnetic field is invariant both along the axial and along
the azimuthal directions, we may reduce the number of components to deal with, since
the linear gradient along these directions vanishes. It is of advantage to choose points on
x-axis to be the geometric center of the constellation, as a straightforward contemplation
on the variation of the field shows that, if so, only B; 2, B2 1, and B3 ; for the linear gradi-
ent, and By 12, B2 11, Ba22, B3 1,1, B3 22 are non-vanishing, and the rest components are
wiped out from the group. Without loss of generality by doing so, we can focus on ana-
lyzing truncation errors contained in estimations of non-vanishing components of a small
band. More detailed surveys of all components of LQGs are deferred to the modeling
using dipole magnetic field and MMF in Section 3.4 and Section 3.5.

We first investigate the algorithm’s performance during iteration. In general, it-
eration methods do not necessarily lead to convergence. Even if the result of iteration is
convergent, some require few iterations to achieve satisfactory results while others cost a
huge price on calculation. Supposing the geometric center of the constellation shown in
Tab. 3—1 is located at [1, 0, 0] where the local field structure scale, D, is unit, we lower
the distance among measurement points proportionally so as to reduce the size, i.e. the
measurement scale L, of the constellation and hence the relative measurement scale to
be L/D = 0.026. Iterative calculations using virtually measured magnetic field by this

contracted constellation are then performed, during which the errors of the LQGs are kept
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Figure 3.2: Relative errors of the non-vanishing components of the (a) Linear and (b) Quadratic magnetic

gradients in the force-free flux rope computed by different numbers of iterations.

on record as shown in Fig. 3.2. The relative error (shown as the vertical axis) is defined as
R

77 - Xr )

where X, is the quantity obtained by the algorithm and X is its real value. The preset

(3.3)

LQGs are null vector and null matrix respectively, meaning that the preset relative error
is unit. By going through the first iteration (as shown along the horizontal axis), the rel-
ative errors contained in the three non-vanishing components of the linear gradient drop
below 0.12%. By comparison, those of quadratic gradient remains high even though some
component’s error goes down to 10%. In the right half of each subfigure of Fig. 3.2, be-
comes more and more clear, as farther iterations are performed, certain almost fixed values
to which the errors descend and converge steadily. These values are, in effect, the errors
carried by the exact solutions of the system of egs. (2.20a) to (2.20c). To reach an approx-
imation solution that shows a manifest pattern of convergence, fifty iterations are needed
in most cases despite the fickle nature of iterative methods. The calculation of the algo-
rithm is fast in that three thousand iterations conducted by Python (numpy) using the Intel
Core 15-6500 cost less than one second.

Second, we would like to study the reliance of the algorithm’s accuracy on the
relative measurement scale, L/ D.

Intuitively, the accuracy would be higher when L/D is smaller. If the field con-
sists of a lot of tiny structures whose scale is smaller than the measurement scale, this is,
roughly the separation between measurement points, it is not even possible to give a poor

estimation of the gradients at the geometric center. This point can also be acknowledged
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by using mathematical formulation. Since D is defined as the characteristic scale of local

field structure, it can be put in the form of
D=~ f/|V]. (3.4)

And L has the equivalent meaning of |Ax|. The relative measurement scale is therefore
L LIV | 1AX]IV/]
D f f

The estimation of the gradients using Taylor’s theorem eq. (2.9) fails when the corrective

(3.5)

term is larger in terms of magnitude than the term to be corrected, i.e. |Ax|V f > f. This
point is also demonstrated by considering the perturbative nature of eqgs. (2.20a) to (2.20c)
and the behavior of iterative methods which no longer lead to convergence as long as L/ D
rise beyond a certain number that is close to unit.

The modeling is conducted by locating the geometric center of the constellation
at [1,0,0], [0.5,0,0], and [0.1,0, 0] in Cartesian coordinates in a row. We increase and
decrease the size of the constellation proportionally while keeping its shape to tailor mea-
surement scale, L, for specified relative measurement scale L/D.

As shown in Fig. 3.3, reliable estimations are made by the algorithm for most L/ D.
Fig. 3.3a, 3.3c, and 3.3e show the errors of the estimated linear gradient (shown by solid
lines) and thence the curvature (shown by dashed and dotted lines) of magnetic field lines
of the force free flux rope magnetic field. In terms of value, they are generally below 5%,
an low enough level of truncation error indicative of sound precision; In terms of trend,
they show a dependence on the second order of L/D, which is proved by fitting using
polynomial series. Fig. 3.3b, 3.3d, and 3.3f show the errors of the estimated quadratic
gradient (shown by solid lines) and the torsion (shown by dotted lines) of magnetic field
lines of the force free flux rope magnetic field. The relative errors of the quadratic gradient
are below 5%, and that of the torsion calculated using the estimated gradients could be a
little higher. These small relative errors shown in the modeling point to the reliability of
the algorithm.

The magnetic field of the flux rope is, in a sense, a flattened structure in which
no severe change in magnitude and direction occurs. This explains partly why it serves a
highly effective and satisfactory model for testing, regarding the tidy accuracy achieved

shown in Fig. 3.3. Nonetheless, magnetic structures in space may present steepness. For
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Figure 3.3: Relative errors in estimating the LQGs and curvature and torsion of the magnetic field lines of
flux rope magnetic field by relative measurement scale. Panel (a) shows the relative errors in calculating
the curvature of magnetic field lines and nonzero elements of the linear gradient of the force free magnetic
flux rope field at [1,0,0] in Cartesian coordinates. Panel (b) shows the relative errors in calculating the
torsion of the magnetic field lines and nonzero elements of the quadratic gradient of the flux rope magnetic
field at [1,0, 0]. Panel (c) and () are similar to Panel (a) but for the flux rope magnetic field at [0.5, 0, 0]
and [0.1, 0, 0] respectively. Panel (d) and (f) are similar to Panel (b) but for the flux rope magnetic field at
[0.5,0,0] and [0.1, 0, 0] respectively.
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example, the magnetic field of the inner magnetosphere is almost identical to a dipole
field, which declines at the third order of r, the distance of the observation point from the
dipole. This proportionality leads to, in Taylor expansion eq. (2.9), all the terms following
the zeroth approximation on comparable order and hence low accuracy of the algorithm.
In the following section, we would like to model the algorithm using a magnetic dipole

field and prove yet again its feasibility and reliability.

3.4 Dipole magnetic field

The dipolar magnetic field in Cartesian coordinates is defined by
M.
B = —53[3:75,2, 3yz,32% —r?], (3.6)
r

where M3 is the strength of the magnetic dipole moment which is assumed to point at the
positive z direction and r = \/m is the distance from the observation point to
the dipole moment. We formally set M3 = 1, as it is discussed in Section 3.3 that its value
does not affect the relative truncation errors contained in estimations. The local spatial
characteristic scale of the dipole magnetic field at the observation point, on account of
eq. (3.4), is chosen as its distance from the dipole, where a factor of 1/3 is dropped. The
choice, mathematically, reads D = r.

We first, again, investigate the method’s convergent trend during iterative calcula-
tions. The point of [3, 0, 0] is of particular advantage to reduce the components of LQGs
of the dipole field, and is chosen as the geometric center of the constellation. Only two
components, B 3 and Bs, of the linear gradient, and five components, B 13, Ba23,
Bs 11, B2, and Bs 3 5, among the eighteen independents of the quadratic gradient are
non-vanishing. L/D = 0.026 is achieved for this modeling by adjusting the interspace
among the measurement points.

Fig. 3.4a and 3.4b show the convergent trend of the LQGs of the magnetic dipole
field. In general, the behavior of these relative errors is similar to that shown in Fig. 3.2
for the modeling using flux rope magnetic field. They converge within fifty iterations.
The component B ; 3 in Fig. 3.4b shows a different pattern that the errors decrease at first
and increase afterward. The errors for B; 2 2 and Bs 5 3 have in addition to the decreasing
and increasing the third stage, another decreasing. These are normal for iterative method

which do not guarantee a monotonic converging. The intermediate values during itera-
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Figure 3.4: Relative errors of the non-vanishing components of the (a) Linear and (b) Quadratic gradients

of magnetic dipole field computed by different numbers of iterations.

tions may fluctuate but will converge to the final value which is the true solution of the
equation. This true solution, in our case, is not necessarily the true value of the estimated
quantities, because the small quantities, o(|Ax|?) in Taylor expansion of various measure-
ments, are omitted through truncation in eq. (2.11). Therefore, the intermediate values
may approximate the true value at first but fail to stick to it when moving toward the true
solution of the truncated estimating equations.

We then calculate the LQGs and the curvature of magnetic field lines of the dipole
magnetic field and test the algorithm for exponentially increasing relative measurement
scales. The modeling is conducted by locating the geometric center of the constellation
at [3,0,0], [2,0,3], and [0, 0, 3] in Cartesian coordinates successively. We increase and
decrease the size of the constellation proportionally while keeping its shape to tailor mea-
surement scale, L, for specified relative measurement scale L/D.

Fig. 3.5a, 3.5¢, and 3.5e show the relative truncation error in the estimations of
the curvature (dash-dotted black line) of magnetic field lines and nonzero elements of the
linear gradient (solid colored lines) of the magnetic dipole field. The theoretical curvature
at [0,0, 3] is zero, so there is no line for it in Fig. 3.5¢c. As evidenced by the similarity
between the solid black lines which varies at the second order of L /D and other lines, and
also by polynomial fitting not shown in the figure, these linear gradients and curvatures are
of second-order accuracy. The errors of linear gradient components are generally below
5% when L/D < 0.1.

Fig. 3.5b, 3.5d, and 3.5f show the relative truncation error in the estimations of
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Figure 3.5: Relative errors in estimating the LQGs and curvature of the magnetic field lines of dipole mag-

netic field by relative measurement scale. Panel (a) shows the relative errors in calculating the curvature

(dash-dotted black line) of magnetic field lines and nonzero elements of the linear gradient (solid colored

lines) of the magnetic dipole field at [3,0, 0] in Cartesian coordinates. The solid black line is an example of

function varying at the second order of L/D. Panel (b) shows the relative errors in calculating the nonzero

elements of the quadratic gradient (solid colored lines)of the flux rope magnetic field at [3, 0, 0]. Panel (c)

and (e) are similar to Panel (a) but for the flux rope magnetic field at [2, 0, 3] and [0, 0, 3] respectively. Panel

(d) and (f) are similar to Panel (b) but for the flux rope magnetic field at [2, 0, 3] and [0, 0, 3] respectively.
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the nonzero elements of the quadratic gradient (solid colored lines) of the magnetic dipole
field. Since the filed lines are planar curves, the torsion of them is zero, i.e. 7 = 0.
Therefore, there is no line for torsion in these subfigures. The quadratic gradients are of
first-order accuracy. The errors are generally below 5% when L/D < 0.01.

A magnetic dipole is not able to produce complex magnetic field lines, which is
indicated by the vanishing torsion. A more realistic model for the geomagnetospheric
magnetic field is constructed by adding the field produced by one more mirrored dipole to
the Earth’s dipole field. A test of the algorithm using this model is described in the next

section.

3.5 Modeled magnetospheric field

The MMF is defined as
M, M,
B = —*[31z,3y2,32% — 1] + —22[3(x — 40)z, 3yz, 32% — 73], (3.7)
Tl T'a

where two terms of the right side of the equation stand for the magnetic fields produced
by two magnetic dipoles. The separation between them is 40 along the x-axis. Note that
here units are omitted as they do not matter, and that Ry should be the unit of length in
this formula if units are needed. The first dipole, whose moment is M, is located at the

origin of the coordinates system. r; = /22 + y? + 22 is the distance from the observation

point to the first dipole; And ry = \/ (z — 40)* 4+ y2 + 22 is that to the second dipole.
The magnetic field lines are plotted in Fig. 3.6. The inner part of this field, or the inner
magnetospheric field, is almost identical to a simple dipole field, while the outer region
exhibits more complexity. So points far from the inner region are of advantage to test the
algorithm under complex conditions. We utilize [—5, 15, 10], [5, 10, 10], and [5, 15, 5] as
the geometric center in the following modeling.

eq. (3.7) defines so asymmetric a field that any component of the LQGs of it is
not null. These components stretch over so many orders which heavily convolves that
some small components are severely affected by others of large value. Components of
small value are usually of a lower level of merit for the exploration of physics in space
and should be thought little of or even neglected. However, the relative error defined by

eq. (3.3) barely differentiates between them. A better definition of the relative errors of
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Figure 3.6: Magnetic field lines of the MMF in the  — z plane.
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Figure 3.7: Relative errors of the non-vanishing components of the (a) Linear and (b) Quadratic gradients

of the MMF computed by different numbers of iterations.
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S0kl Bikl

Fig. 3.7a and 3.7b show the convergent behavior of the LQGs of the MMF within
fifty iterations. The relative measurement scaleissettobe L /D = 0.026 and the geometric
center of the constellation is [—5, 15, 10]. It points to the feasibility and reliability of the
algorithm for complex field structures in space.

Fig. 3.8a, 3.8c, and 3.8e show the relative truncation error in the estimations of
the curvature (dash-dotted black line) of magnetic field lines and nonzero elements of the
linear gradient (solid colored lines) of the magnetic dipole field. As evidenced by the
similarity between the solid black lines which varies at the second order of L/ D and other
lines, and also by polynomial fitting not shown in the figure, these linear gradients and
curvatures are of second-order accuracy. The errors of linear gradient components are
generally below 5% when L/D < 0.1.

Fig. 3.8b, 3.8d, and 3.8f show the relative truncation error in the estimations of the
torsion (dotted black line) of the magnetic field lines and nonzero elements of the quadratic
gradient (solid colored lines) of the magnetic dipole field. The quadratic gradients are of
first-order accuracy. The errors are generally below 5% when L/D < 0.01. The modeled

truncation errors of the algorithm using MMF is akin to that using dipole magnetic field.
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Figure 3.8: Relative errors in estimating the LQGs and curvature and torsion of the magnetic field lines
of MMF by relative measurement scale. Panel (a) shows the relative errors in calculating the curvature of
magnetic field lines and nonzero elements of the linear gradient of the MMF at [—5, 15, 10] in Cartesian
coordinates. Panel (b) shows the relative errors in calculating the torsion of the magnetic field lines and
nonzero elements of the quadratic gradient of the magnetic field at [—5, 15, 10]. Panel (c) and (e) are similar
to Panel (a) but for the magnetic field at [5, 10, 10] and [5, 15, 5] respectively. Panel (d) and (f) are similar
to Panel (b) but for the magnetic field at [5, 10, 10] and [5, 15, 5] respectively.
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Figure 3.9: Averaged relative errors of estimating LQGs of the MMF by different number of measurements.
The left panel shows the averaged relative errors for L/D = 0.05. The right panel shows the averaged

relative errors for L/D = 0.01. The dashed magenta curve is inversely proportional to n.

In Section 3.3, Section 3.4, and this section, we have confirmed the reliability of
the algorithm using fifteen-point measurement modeling. Intuitively, the algorithm could
yield better results were more measurements included in the calculation. The exact relation
between the accuracy and the number of measurement points can be modeled.

Since we are to investigate the algorithm’s performance using measurement points
of different number, the effect from the shapes of these points should be eliminated. To this
end, we test the algorithm using one thousand randomly generated n-point constellations,
the one that yields the least error of which is chosen as the delegate of the constellation of
n-point measurement. By fixing L /D and the observation point, as usual, we make n the
only variable.

Fig. 3.9a shows the variation of averaged relative errors contained in the estima-
tions of the LQGs, >, i m;;/9and ;. eta;; /27, at[1, 1, 2] inthe MMF for L/ D = 0.05.
The averaged error contained in the quadratic gradient’s estimation is inversely propor-
tional to n. And that for linear gradient’s estimation is a constant. In the worst case, when
only ten measurement points are available, the averaged error for the quadratic gradient is
roughly 4%.

Fig. 3.9b shows the result of the modeling utilizing the same setup, excerpt for a
fixed L/ D = 0.01. The plot is similar to the previous one. The only discernable difference
is that the averaged error for the quadratic gradient is five times smaller, which is yet

another sign of the errors’ linearity on L/D.
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3.6 Summary and discussion

In this chapter, we simulated the algorithm using force free magnetic flux rope,
dipole magnetic field, and MMF, and confirmed its reliability and accuracy.

We first introduced a randomly generated constellation of fifteen measurement
points. In the modeling that followed, virtually measured data are extracted at these places
when its center was fixed to some target point its size was enlarged or contracted to meet
a given relative measurement scale.

The simulations using all the three magnetic field models show the convergence
under fifty iterative calculations. The estimations to which the calculations converged
are accurate to second order for the linear gradient and to first order for the quadratic
gradient. For the linear gradient, the overall truncation error is below 5% as the relative
measurement scale is lower than 0.1, and for the quadratic gradient, it is below 5% as the
relative measurement scale is lower than 0.01.

The simulation using the modeled magnetospheric field shows that the truncation
error of the quadratic gradient is conversely related to the number of measurement points,
that is, the more measurement points a constellation consists of, the higher accuracy the
algorithm could achieve. However, this relation does not apply to the estimation of the
linear gradient, the relative errors contained in which does not show dependency on the
number of measurement points.

In summary, the time-independent algorithm shows considerable efficiency, ro-
bustness, and accuracy with regard to estimating the LQGs of manifold physical fields in

space with at least ten measurement points.
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CONCLUSIONS

In this dissertation, we systematically investigate the approaches to estimate the
linear and quadratic gradients of physical fields, discuss an algorithm, ALQG, tackling
time-independent joint measurements and develop a general algorithm tackling joint mea-
surements spanning a temporal period, and confirm the time-independent algorithm’s fea-
sibility, reliability, and accuracy by simulations.

In Chapter 1, we introduce the history and the existing state of the measurement
in space physics exploration. We briefly discussed the current applications of multipoint
measurement techniques and other physical quantities to be measured in the future. In
Chapter 2 and Chapter 3, we make contributions to the study of multipoint measurement
and space physics exploration as summarized in what follows.

The main contribution of this dissertation can be concluded into the following three

main parts.

(1) This work analyzes possible approaches to construct the algorithms that can es-
timate the linear and quadratic gradients of physical fields and find that a proper
combination of Taylor’s theorem and the least square method can lead to the

end.

(2) This work reviews a general numerical time-independent algorithm for the lin-
ear and quadratic gradients of physical fields based on at least ten temporally
synchronized measurements, and point to the importance, of two characteristic
matrices of the constellation of measurement points, and of one special target
point, the geometric center of the constellation, in determining the algorithm’s

accuracy.

(3) This work develops a general numerical time-dependent algorithm for the linear
and quadratic gradients of physical fields based on at least fifteen temporally

discrepant measurements.

(4) This work confirms the great efficiency, strong robustness, and high accuracy
of the time-independent algorithm by testing it using three magnetic field mod-

els, force free magnetic flux rope, dipole magnetic field, and modeled magne-
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tospheric field, find the quadratic dependence of linear gradient and the linear
dependence of quadratic gradient on relative-measurement scale, and discovers
the reciprocal relation between the truncation error contained in the algorithm’s

estimation and the number of measurement points.

The work in this dissertation is, by and large, not complete, because the time-
dependent algorithm is not yet tested due the limited time available until the dissertation
is written. I would conducted the test during my PhD period.

The time-independent algorithm, as its efficiency, robustness and accuracy have
been proved, could find wide applications in the real world. One could be to determine the
geometry of the magnetic disturbance field using AMPERE data and hence relate its con-
figuration and variation to the sources that may have a great contribution. Another could
analyze the measurements of the magnetic field made at a great number of magnetometer

ground stations on the surface of the Earth.
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