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摘 要

摘 要

随着 Cluster、MMS等多卫星联合探测计划的实现，多点探测，作为空间科

学探测研究的新技术、新方法，已经为推动空间科学发展起到重大作用。为了配合

多点探测计划对空间中物理场的几何结构进行研究，学者们已经建立了一系列基

于多卫星探测的数学算法，其中应用较为广泛的有卷曲计、磁曲率分析、磁旋转

分析。这些分析方法都是基于物理场的一次梯度计算，将之和其他物理场量按照

一定方式组合，对一些不能在空间中用单卫星或双卫星直接测量的物理量进行估

计。然而当前空间中仍然有许多物理量不能通过现有的多卫星探测算法获得，这

是因为它们依赖于物理场的二次梯度，比如磁重联过程中磁场扩散依赖于磁场的

二次梯度。另外，在深空探测领域，多卫星联合探测还未实现。国际普遍的做法

是发射单颗探测卫星离开地球进行探测。而现有的多卫星探测算法不能直接应用

于单卫星探测物理场的一次和二次梯度。所以我们希望能够建立新的多点算法对

物理场的二次梯度进行估计。这种算法应该既在多卫星计划中可行，又能在单卫

星计划中发挥作用。

通过研究不同的差分方法，我们发现简单地将单变量差分应用于空间物理

场的二次梯度算法建立虽然可行，但是是建立在损失大量精度的前提下。现有研

究表明，想要建立普适而又高精度的算法，需要利用泰勒定理获取物理场的一次

和二次梯度并使用最小二乘法将算法的截断误差降到最低。

本文论述了 ALQG方法，一个基于多点探测估计物理场的一次梯度和二次

梯度的不含时间算法，并且基于此建立了一个含时间算法。这里的场可以是标量

场、矢量场，也可以是更高阶的张量场。这里的一个探测点既可以是一颗探测卫

星，也可以某颗卫星上的一个探测仪器。第一个算法是不含时的，即该算法需要

的输入数据必须是同时测量的。这个算法需要十个及以上数量的在不同空间位置

测量的场的数据作为输入，能估计探测点群，即测量点位置群，几何中心附近位

置的场的一次梯度和二次梯度。其中对几何中心处的估计最为准确。第二个算法

是含时的，即该算法的输入数据可以是异时测量的。利用至少十五个在不同空间

位置不同时间时刻上测量的物理场数据作为输入，该算法能够估计位于探测数据

群时空中心附近时间-空间位置处的物理场的一次梯度和二次梯度。其中对探测数

据群时空中心处的估计最为准确。此算法估计得的一次和二次梯度也是在四维时

空中的梯度。
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摘 要

不含时算法的推导基于泰勒公式和最小二乘法，给出一组在三维空间中的

张量估计方程。求解这组张量估计方程就能获得对目标点处物理场的一次梯度和

二次梯度的估计。这组方程的求解有两种方法。一种方法需要将该张量估计方程

组转化为一个系数矩阵阶数为 10× 10的线性方程组，求解这个线性方程组即可实

现对一次和二次梯度的估计。这种求解方法可以拓展到更高阶物理场梯度的计算。

另一种方法根据微扰理论的思想对该张量方程组进行迭代计算，在过程中将一个

四阶张量方程降阶为一个二阶张量方程，并求解这个二阶张量方程。该方程是探

测点群的一个特征线性系统，其特征系数矩阵由探测点群的分布完全决定，且对

算法的截断误差有着决定性影响。当它的本征值只有一个非零时，探测点群对应

于线性分布，算法只能求得一个方向上的一次梯度和二次梯度。当它的本征值只

有三个非零时，探测点群对应于平面分布，算法只能求得两个方向上的一次梯度

和二次梯度。所以这个特征矩阵能用于判断探测点群分布的优劣，从而对误差有

一定预估。

含时算法的推导过程类似于不含时算法，也是基于泰勒公式和最小二乘法，

给出一组在四维时空中的张量方程，用于对物理场的一次梯度和二次梯度进行估

计。针对这一组张量方程，同样有两种求解方法。一种方法将该张量方程组转化为

一个系数矩阵阶数为 15 × 15的线性方程组，求解这个线性方程组即可实现估计。

另一种方法对该张量方程组进行迭代计算，在过程中辅以求解一个特征线性系统。

这里的特征线性系统由探测数据的时空分布完全决定，且对算法的截断误差有着

决定性影响。当它的本征值只有一个非零时，探测点群对应于四维时空中的线性

分布，算法只能求得一个方向上的一次梯度和二次梯度。这个方向可能是纯时间

的，可能是纯空间的，也可能是时间空间混合的。当特征矩阵的本征值只有三个

非零时，探测点群对应于平面分布，算法只能求得两个方向上的一次梯度和二次

梯度，这两个方向可能是纯空间的，也可能是时间空间混合的。当特征矩阵的本

征值只有六个非零时，探测点群对应于三维超平面分布，算法只能求得三个方向

上的一次梯度和二次梯度。这三个方向可能是纯空间的，也可能是时间空间混合

的。这个特征矩阵能用于判断探测数据时空分布的优劣。

我们在磁通量绳磁场、偶极子磁场和磁层磁场模型这三个磁场模型中对不

含时算法的迭代求解方法进行了模拟。部分模拟采用相同探测点群，研究迭代次

数与收敛的关系，研究算法误差与相对单侧尺度的关系。部分模拟采用相同相对

探测尺度，研究算法误差与探测点数的关系。模拟结果证实了该算法这种求解方
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法的可行性、高效性、可靠性和高精度。

基于一个十五点的探测点群，我们将得到的十五个模拟同时测得的探测数

据输入不含时算法并求得探测点群几何中心处的磁场的一次梯度和二次梯度。在

迭代过程中，我们发现经过第一次迭代，算法给出的一次梯度和二次梯度估计中

包含的误差已经大幅下降，经过少于五十次的迭代计算，所有模型中算法给出的

估计都明显达到收敛。而这些模型中磁场的五十次迭代计算耗时小于 0.05秒。由

此可见迭代算法是可行的，而且是高效快速的。

采用同样的十五点探测点群，在三个磁场模型的模拟中，通过放大缩小探

测点群的尺度从而调节一次模拟的相对探测尺度，我们发现物理场的二次梯度估

计的相对误差随相对探测尺度以一次幂形式增长，即线性增长，物理场的一次梯

度估计的相对误差随相对探测尺度以二次幂形式增长。在磁通量绳磁场模型中，

对所模拟的相对探测尺度范围，即从 L/D = 0.01到 L/D = 0.6，磁场一次梯度和

二次梯度估计以及由它们计算所得的磁力线曲率和挠率估计的相对误差基本上都

小于百分之五。在偶极子磁场模型的模拟中，当相对探测尺度小于 0.1时，磁场的

一次梯度估计相对误差和磁力线曲率估计相对误差都小于百分之五。当相对探测

尺度小于 0.01时，磁场的二次梯度各分量估计的相对误差都小于百分之五。在磁

层磁场模型的模拟中，当相对探测尺度小于 0.1时，磁场的一次梯度估计相对误差

和磁力线曲率估计相对误差都小于 5%。当相对探测尺度小于 0.01时，磁场的二次

梯度即磁力线挠率估计的相对误差都小于百分之五。不含时算法的迭代求解方法

在这三个由简单到复杂的矢量场模型中，在不同的相对探测尺度下，都显示出良

好的精度。这证明了该算法的可靠性和高精度。

控制相对探测尺度和探测位置这两个变量，通过生成不同探测点数量的探

测点群，我们研究了不含时算法迭代求解方法与探测点数量的关系。在磁层磁场

模型的模拟中我们发现，磁场二次梯度各分量估计中包含的平均相对误差与探测

点的数量呈反比关系，而其一次梯度个分量估计中包含的平均相对误差与探测点

的数量无明显关系。

多点探测方法在空间中可以应用在单卫星多探测仪器的采集数据上，也可

以应用在多卫星的联合探测上。若多卫星联合探测的卫星数目较多，很难在不同

卫星间实现探测时间同步，即此时探测得的数据是不同时的，不含时算法应用受

到一定限制。我们提出含时算法希望能够处理这种情况，既对空间的一次梯度和

二次梯度进行估计，也对包含时间的梯度分量进行估计。由于该含时算法还未得
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到模拟验证，还不宜在实际中应用。我们的工作能对现有现有的空间多点探测计

划数据分析研究起到一定推进作用。

关键词：多点探测；一次梯度；二次梯度；算法
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Abstract

ABSTRACT

Multipoint measurement techniques based on four or more points have achieved

great success in deducing physical quantities related to linear gradients of other physi-

cal fields and unattainable through single-point measurement in space. Yet several other

quantities, such as charge density, diffusion of magnetic fields, and torsion of magnetic

field lines, which are related to quadratic gradients of physical fields, are not acquirable,

if various physical constraints are not introduced to reduce the freedom in the specific

problems.

In this study, a general algorithm that can estimate spatial linear as well as quadratic

gradients of physical fields building on multiple measurements of the fields themselves

is comprehensively reviewed, and building on it a general algorithm that can estimate

temporo-spatial linear and quadratic gradients is developed. One, the time-independent

algorithm, utilizing at least ten simultaneous measurements, can estimate the linear and

quadratic gradients in the vicinity of the constellation’s geometric center. The other, the

time-dependent algorithm, taking at least fifteen non-temporally-synchronized measure-

ments as input, can estimate them near the spatial-temporal center in four-dimensional

space-time domain. Two schemes for solving the estimating equations of each algorithm

are put forward. Using simulations of the time-independent algorithm on force free flux

rope magnetic field, dipole magnetic field, and a modeled magnetospheric magnetic field,

we confirm the great efficiency, strong robustness, and high accuracy of the algorithm.

The estimation based on fifteen measurements generally costs less than 0.05s. The al-

gorithm successfully gives estimations of low error for all the three physical fields. The

accuracy for estimating the linear gradient is of second order, and for the quadratic gra-

dient is of first order. The truncation error of the algorithm for quadratic gradient is in-

versely proportional to the number of measurements, with which that for linear gradient,

though, shows no conspicuous relationship. The time-dependent algorithm as yet remain

untested, and therefore is not suggested to be applied. The time-independent algorithm

could be widely applied to both space exploration mission and instrument designs in the

future, and to the analysis of the data acquired by multipoint measurements currently.
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Chapter 1 Introduction

CHAPTER 1

INTRODUCTION

1.1 Measurements in space physics

Many significant discoveries in human history come in the wake of unprecedented

measurements.

The first measurement made in the field of space physics is traced to the Chinese

who discovered the compass’s fundamentals. Following the invention of the device which

measures the direction of the ambient magnetic field on the ground, in the 16th century

the explanation by William Gilbert[1] on compass needles pointing at north resulted in the

notion of the Earth’s magnetic field. Magnetic storm which reveals itself in the increasing

and decreasing of geomagnetic fields are first learned through detailed research conducted

by George Graham[2] in the 18th century on the variation of the angle between the north,

the direction along a meridian towards the geographic North pole, and the magnetic north

at which compass needle pointed. The first absolute magnetometer that can also deter-

mine the strength of the magnetic field is devised by C. F. Gauss in 1832. And the ability

to obtain the magnetic flux intensity further prompted the research concerning the mag-

netic storm later on. A simple example is the disturbance storm time (Dst) index[3] derived

from the magnetic measurements at four ground stations near the equator. It is the aver-

aged station measurements weighted by the average cosines of the magnetic latitude of the

stations, as defined by

Dst(T ) =

∑4
n Dn(T )∑4
n cosϕn

,

where Dn(T ) is the disturbance of the magnetic field at the nth station. The Dst index

reflects the variation of the total energy of the ring current particles around Earth caused

by geomagnetic activities and therefore becomes a good indicator for the geomagnetic

storm[4, 5] .

Another device that has an old history as the compass is the telescope invented

at the beginning of the 17th century and utilized to observe celestial bodies, in particular

the Sun. The superficial feature on the Sun known as sunspots was discovered by ancient

Chinese with their naked eye. However, not until the invention of the telescope were sys-
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tematic studies conducted by astronomers like Galileo Galilei and Christoph Scheiner[6] .

With the improvement of the quality of observation, S. H. Schwabe in 1843 made a huge

discovery[6] , the sunspot cycle of 11 years which lead to the notion of the solar cycle[7, 8] .

Solar cycle plays a key role in human’s understanding relating solar activities[9] , such as

solar flares[10] , prominence eruptions[11] , and coronal mass ejections[12] , to their terrestrial

effects on planets like magnetic storms[13, 14] , substorms[15] , and aurorae[16] , because it is the

very cycle that determines all the cycle of these solar and planetary phenomena. It also

determines the cycle of the heliospheric magnetic field’s geometry[17] , the shape of the he-

liospheric current sheet[18] , and the mean speed of solar wind and its distribution in the

heliosphere[19] . Besides, The intensity of energetic particles of solar origin and galactic

origin (called galactic cosmic rays) both varies at the time scale of the solar cycle[20] . The

prediction of the forthcoming solar cycles, or solar activity cycles, has therefore long been

of interest[21–23] .

The late 1950s saw the advent of an entirely new era of space physics on account

of human’s success in taking measurements in space. In 1958, by taking advantage of

powerful propulsion provided by new rocket technology, the United States sent its first

space exploration spacecraft, Explore 1, into space, on which a cosmic ray detector is

boarded. The very existence of radiation belts was thereafter theorized by J. A. Van Allen

to explain an unexpected high counting rate seen by the Geiger counters on Explorer 1[24, 25] .

This is widely thought of as the event signaling the dawn of the new era. Not only have

particle detectors onboard spacecraft made groundbreaking discoveries about the nature of

the space, but electric and magnetic fields probes also have had major contributions to the

understanding of it. For example, the already predicted existence of the magnetopause[26]

about ten Earth’s radii (RE) ahead toward the Sun and tens of RE surrounding the Earth

was first confirmed by the observation with a three-component magnetometer carried on

Explorer 12[27] which was launched in 1961 as one of the earliest artificial spacecraft.

Further improvements in space technologies, especially on rocket propulsions,

made possible the missions that reached deeper into space. Pioneer 5, launched in 1960,

was the first, among its peers in spacecraft boomers years to measure electric and magnetic

field phenomena, solar flare particles, and ionization in the interplanetary region. Mariner

2, as an interplanetary probe launched in 1962, was the first to visit another planet, Venus,
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in the solar system. Voyager 1, as intended to investigate the outer solar system and in-

terstellar space beyond the heliosphere, was launched in 1977, crossed the heliopause in

2012, and remains active so far. The Parker Solar Probe launched in 2018, protected by

a solar shield from the ultra-hot solar atmosphere, provides an opportunity to observe the

Sun at the closest distance ever possible. These space probe missions define quite well the

spatial regime of in situ measurement.

Measurement techniques in space plasmas, according to the object of the measure-

ment, are classified into two main categories, for fields measurement and plasma particles

measurement. Fields measurement[28] can further divide into the measurements of electric

fields, magnetic fields, and space plasma waves. Space plasma wave measurement is a

special and big technique in that, taking advantage of the propagational ability of waves,

remote sensing that can draw complete pictures of the plasmas in the ”sphere” concerned,

such as the magnetosphere of the Earth and the photosphere of the Sun, can be imple-

mented. In the remit of particle measurement[29] , a slew of novel techniques are applied

to measure various properties of particles of most kinds. Langmuir probes are used to

determine the electron density and temperature. Retarding potential analyzers are used

to analyze the energy distribution of ions. Particle spectrometers, as a large combination

of various designs, measure the distribution function of ions as well as electrons. Parti-

cle correlator measures the oscillations in particle distribution produced by wave-particle

interaction. Energetic particles spectrometers are devoted to measuring elusive energetic

particles, including electrons and ions of high energy.

1.2 Applications of multiple points measurement

At the dawn of the new millennium, the Cluster mission ushered in a new page of

the history of measurements in space, that is, the application of four-point measurement,

the most advanced version of multipoint measurement.

Multipoint measurement had been well-known for decades. The first version of

multipoint measurement in space is two-point measurement. Although no mission made

up of four spacecraft in a close constellation had been available until Cluster, there were

occasions where some spacecraft’s orbits intersected in the same region at the same time,

and few missions, like ISEE, which offered two spacecraft flying in tandem. All these
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occasions and missions provided good chances to investigate various physical properties

not attainable through single spacecraft measurement that cannot distinguish between spa-

tial and temporal phenomena. In 1988, Z. Němeček et al.[30] studied the velocities of the

Earth’s bow shock using simultaneous measurements by two intermittently closely sepa-

rated spacecraft, Prognoz 10 and IMP-8. In a similar manner by using two-point measure-

ments, numerous works were done in analyzing the speed and thickness of, in addition to

the bow shock[31] , a variety of discontinuities and/or surfaces in space, such as the Earth’s

magnetopause[32] , dipolarization fronts[33] , and the current sheet[34, 35] in the Earth’s magne-

totail. Moreover, the gradients of physical quantities in space were also investigated using

two-pointmeasurements. For example, the plasma density gradient near themagnetopause

was investigated using simultaneous Interball 1 and Magion observation[36] .

Yet studies using information simultaneously obtained by two spacecraft are re-

stricted to one-dimensional views, even though they differentiate between time and space.

The bow shock’s velocity as well as its normal under the assumption of its contraction and

expansion motion, for instance, are vectors comprising three components. Only one com-

ponent can be obtained from two-spacecraft measurement, while the other components

perpendicular to the beeline connecting the measurement points are not attainable.

To address this problem, Cluster, consisting of four spacecraft, was designed to

ascertain the complete spatial and temporal variations in physical quantities and three-

dimensional velocities of the discontinuities and/or surface in space[37–39] . Using more than

500 bow shock crossings by Cluster from 2001 to 2013 and a full timing method, O. Kru-

parova et al. investigated the distribution of the bow shock velocities under a wide range

of solar wind conditions[40] . Using Cluster crossing of the magnetopause, S. E. Haaland et

al. investigated the orientation, motion, and thickness of the magnetopause[41] . The motion

of dipolarization front and the flapping of current sheet were also intensively studied using

Cluster data[42, 43] .

Since all components of the gradient of a physical quantity, be it a scalar or vectorial

field, are achievable through four-point measurement[44] , a trove of novel techniques for

data analysis based on them in space physics are developed[45–52] . And these methods have

found wide application in space exploration. Here we briefly introduce three important

techniques.
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The curlometer technique[45] builds on the Ampère’s law,

Jck =
1

µ0

ϵijkBi,j , (1.1)

where ϵijk is the Levi-Civita symbol in three dimensions. Note that a comma in the sub-

script indicates a partial differentiation, Bi,j = ∂jBi, and that the Einstein summation

convention is used here and in the rest of this dissertation. According to this convention,

when an index variable appears twice in a single term and is not otherwise defined (see

free and bound variables), it implies a summation of that term over all the values of the

index. The technique is extensively and successfully utilized to study the current system

in the Earth’s magnetosphere, including the ring current[53] , the magnetic field-aligned cur-

rent[54] , the Chapman-Ferraro current[55] , and the current sheet in magnetotail[56] , from large

to small scales[57] .

Magnetic curvature analysis (MCA)[46] and magnetic rotation analysis (MRA)[48]

are two sophisticated and well-developed algorithms for analyzing the three-dimensional

topology of magnetic fields. The MCA, utilizing the definition of a curve’s curvature,

ρcj = bibj,i , (1.2)

where b = B/B is the normalized vector of magnetic fields and hence the unit tangent

vector of magnetic field lines, is devoted to deducing the curvature radius, the normal, and

the binormal of magnetic field lines. The MRA, promoting and based on the magnetic

rotation tensor,

Sij = bl,ibl,j , (1.3)

is a tool for the examination of magnetic fields’ rotational features. They are applied to

the investigation of the multifarious magnetic structures widespread in the magnetosphere,

such asmagnetic reconnection sites[58] , the current sheet[59] , flux tubes[60] , Kelvin-Helmholtz

waves[61, 62] , the Earth’s bow shock[51] , and magnetic holes in the solar wind[63] .

Normal field analysis (NFA)[51] is a new tool for the analysis of boundaries in space.

It extends the geometrical and topological analysis of curves using MCA andMRA to sur-

faces. A moving boundary produces a family of surfaces, with which the space near cross-

ing sites by spacecraft on orbit is filled up, and to which a field of normal is attached. By

supposing that all the surfaces are close to a plane, it is found that the principal curvatures
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of these surfaces at each point are equal to the eigenvalues of the gradient matrix of the

normal field. In mathematical formulation, a surface in three-dimensional space is usu-

ally defined by S(u, v) = [x(u, v), y(u, v), z(u, v)], and the normal field on the surface is

defined by n(u, v) = [nx(u, v), ny(u, v), nz(u, v)]. The family of surfaces and the family

of normals can be written as S(u, v, t) = [x(u, v, t), y(u, v, t), z(u, v, t)] and n(u, v, t) =

[nx(u, v, t), ny(u, v, t), nz(u, v, t)] where t is the temporal variable whose range is lim-

ited by some start point and end point of the boundary’s motion. The parametrization of

the family of surfaces, theoretically, can be totally determined by a new parametrization

[u(x, y, z), v(x, y, z), t(x, y, z)]. The family of normal fields on the surfaces, which in

effect is another normal field in three-dimensional Euclidean space, in terms of the new

parametrization, becomes n(x, y, z) = [nx(x, y, z), ny(x, y, z), nz(x, y, z)]. The gradient

of this field,∇n or ni,j , where the Latin characters i and j ranging from 1 to 3 indicate the

three dimensions x, y, z, is in three-dimensional space. The gradient of the normal field

has three eigenvalues, λi, 1 ≤ i ≤ 3 with |λi| ≥ |λj| for all i > j. In theory, the eigen-

value λ1 = 0 and the other two are non-zeros. If the local surface is akin to a planar one,

the eigenvector corresponding to the zero eigenvalue λ1 is the normal itself, e1 = n. The

other two eigenvectors and corresponding eigenvalues are the principal directions and the

principal curvatures of the surface. Since the gradient of the curvature field is calculable,

it is easy to achieve the principal curvatures and directions that are basic topological pa-

rameters of a surface, or a boundary in space physical terminology. This newly developed

technique has been used to investigate, as its first application, the surficial properties of

dipolarization fronts in the Earth’s magnetotail[51] .

Following Cluster, Time History of Events and Macroscale Interactions during

Substorms (THEMIS)[64] launched in 2007 andMagnetosphericMutiscale (MMS)[65] launched

in 2015, along with computer simulation[66] , offers abundant opportunities to utilize these

techniques and discover new physics.

1.3 Motivation and objectives

The techniques for estimating the linear gradient of physical fields and calculating

various quantities based on them have led to a lot of monumental achievements in space

physics. However, some other physical quantities, such as charge density, the Laplacian
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of magnetic field, and the torsion of the magnetic field lines, are hard to calculate in a

complete sense either due to large measurement errors with current techniques or because

some assumptions have to be made to obtain them[67, 68] . Through an analysis below in this

section, we shall realize that it is the quadratic gradients of physical fields that form the ba-

sis of calculating these quantities. And general algorithms of high accuracy for estimating

the quadratic gradient based on multipoint measurement should be developed to foster fur-

ther groundbreaking discoveries and progresses in observational and experimental space

physics.

1.3.1 On charge density

Particles are omnipresent in the universe. As for the near space around the Earth,

protons, alpha particles and electrons are of most interest. A series of particle detectors are

designed and developed by many talented physicists and engineers[29] . The data acquired

by these detectors are usually in the form of the distribution function of the aimed particles,

which generally contain all information about the velocity, density, momentum, kinetic

energy of the particles as a fluid.

However, previous investigation conducted by Kaufmann et al[69, 70] suggest that

the errors brought on by, theoretically, relatively incomplete resolution of particle detec-

tion techniques over particle species, velocities, and counts, and practically, spacecraft

charging, make it inadequate to calculate current density and charge density using three-

dimensional distribution functions of particles of all kinds. The sizable error in measuring

current and charge densities are not inevitable, though, if one starts with the measurement

of magnetic and electric field, which is far more precise. In this regard, the electric cur-

rent is usually calculated with curlometer when a constellation of multiple spacecraft is

available, rather than with
∑

α nαqαvα, the direct summation of electric currents over all

kinds of carriers[70] . Charge density, a quantity with a close relationship to electric current,

is also preferable to calculate using Gauss’s law[71, 72] ,

ρ = ϵ0Ei,i . (1.4)

Although these multispacecraft missions fare very well in measuring current and

charge densities, they are not prevalent in space exploration, in particular, the exploration

into deep space where but one spacecraft is present. In such cases, direct measurement
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technique has to be used to calculate electric current. This technique is less suitable to

measure charge density than electric current which is usually larger and more observable.

The charge density, due to the quasi-neutrality of plasmas, can be of six order less than

that of particles’ number density times the elementary charge. This point is evident from

examining the one-dimensional Harris model[73] , in which the difference between proton

and electron numbers is

np − ne = −2n0
V 2/c2

1− V 2/c2
, (1.5)

and assuming the velocity V to be the speed of solar wind at 1au, which is roughly

400km/s. Therefore, it is helpful to develop a technique for single-spacecraft measure-

ment that can be applied to measure charge density in space with high enough accuracy.

One method is making four electric field measurement devices onboard, but this is not

effective because the electric field is measured by six electric potential probes distributed

along three orthogonal axes of the spacecraft frame, every two probes on one direction

measuring the electric field along that direction.

A more fit solution is using potential measurements to directly deduce the charge

density which is, essentially, a linear combination of the quadratic gradient components

of the scalar potential field, as[72]

ρ = −ϵϕ,i,i . (1.6)

The problem is how we can estimate the quadratic gradient from multipoint measurement.

1.3.2 On magnetic reconnection

Magnetic reconnection play important roles in many dynamical plasma processes

in the solar system. For example, a series of solar activities, including prominence erup-

tion[74] , solar flare[75] , and corona mass ejection[76] , are powered by and related to magnetic

reconnection. It also, according to our current understanding[77] , make great contributions

to the corona heating.

Similarly playing important roles in magnetic reconnection are the magnetic diffu-

sion and dissipation that determine the magnetic reconnection rate. Without the diffusion

term η∇2B in the magnetic induction equation,
∂B
∂t

= ∇× (V× B) + η∇2B , (1.7)
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the magnetic field lines are ”frozen in” the plasmas, and no reconnection could possi-

bly happen. The observational investigation of the diffusion process on magnetohydrody-

namic scale entails the measurements of both the magnetic diffusivity, η, and the Laplacian

of B in the induction equation. it is easy to obtain the magnetic diffusivity, η = 1/ (µ0σ),

which is defined using the electric resistivity that is readily calculated using Ohm’s law

based on the measurements of electric field and electric current from the MMS mission.

The Laplacian involves the diagonal elements of the magnetic field’s quadratic gradient

that are currently achievable through three newly developed algorithms[78–80] that take ad-

vantage of various physical constraints on the magnetic field and partial measurements to

reduce the freedoms in the problem. We would like to construct a general algorithm that

merely requires the measurements of the field itself as input and therefore can be applied

to a multitude of scalar, vectorial, and tensor fields beyond magnetic fields.

1.3.3 On the torsion of magnetic field lines

The magnetic field line is the star on the stage of space. Its motion pulls plasma

with it; its vibration excites Alfvén waves; its diffusion and dissipation are assigned with

a big name, magnetic reconnection; its twist and shear trigger flares on the Sun. All the

complex magnetic structures in space are, ultimately, composed of a bunch of bent and

twisted magnetic field lines.

As a mathematical object, it is a three-dimensional curve whose local geometrical

is completely determined by its curvature and torsion, one accounting for the curve’s bend-

ing, the other accounting for its twisting. Therefore, in observational studies on various

dynamical processes and static and transient magnetic structures in space, good knowl-

edge about the magnetic field line’s geometry, that is, a quantitative determination of its

curvature and torsion is very beneficial for how, exactly, these processes and structures

are related to the magnetic field’s topology.

The curvature’s estimation is achieved by MCA, as is discussed in Section 1.2.

The estimation of the torsion have to build on the linear and quadratic gradients (LQGs)

of the magnetic field. According to the torsion’s definition,

τ = Ṅ · Bn , (1.8)

where N is the normal of the curve, Bn is the binormal, and a dot atop N indicates a
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directional derivative along the curve’s arc length, the torsion of a magnetic field line can

be deduced as[78]

τ =
1

κ2
ϵijkbiblbj,l (bmbn,mbk,n + bmbnbk,n,m) , (1.9)

where b = B/B is the unit directional vector of the magnetic field. It is evident that we

can estimate it only if the quadratic gradient of the magnetic unit vector is available.

1.4 The research contents of the dissertation

The main research contents of this dissertation are as follows:

(1) we examine possible approaches to estimate the linear and quadratic gradients

of physical fields.

(2) we examine the application of Taylor’s theorem and the least square method to

the determination of the linear and quadratic gradients of physical fields using

data acquired either simultaneously or non-simultaneously from different num-

bers of measurement points.

(3) we, using computer simulation, investigate the feasibility, efficiency, reliability,

and accuracy of the estimation of linear and quadratic gradients using one of the

algorithms shown in the second part of this dissertation.
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CHAPTER 2

GENERAL ALGORITHMS FOR THE LINEAR AND
QUADRATIC GRADIENTS OF PHYSICAL FIELDS

2.1 Introduction

LQGs of physical fields play important roles in both dynamical and static pro-

cesses involving electromagnetic fields and particles of all kinds and of all energy levels

in space. A good grasp of these processes requires not only consistent observations of

physical quantities in space which always appear as fields but also proper estimation and

recording of the gradients of first order, second order, and even higher orders, of the phys-

ical fields observed. As is discussed in Section 1.2, the electric current, for example, is

derived using curlometer technique which calculates the linear gradient of the magnetic

field and obtains the electric current by summing relevant gradient components according

to Ampère’s circuital law[81] . The torsion of a magnetic field line can only be attained by

adding components of the quadratic gradient of the magnetic field[78] . Analyzing these gra-

dients of physical fields can help us gain more knowledge about physical phenomena in

space. In this chapter, we review a recently proposed algorithm by Shen at al., ALQG[82] ,

that can estimate the spatial LQGs of physical fields using a set of more compact notation,

and based on it develop a time-dependent algorithm that can estimate the temporo-spatial

LQGs. The linear gradient achieved in this chapter is of higher-order accuracy than by a

former algorithm derived by Harvey[44] .

The outline of this chapter is as follows. In Section 2.2, we introduce the basic the-

ory of numerical differentiation which lays down the basis for the algorithm calculating

the LQGs. In Section 2.3 we examine a naive application of the numerical differentiation

technique introduced in Section 2.2, which is only for functions with one variable, or in

other words for functions in one-dimensional space, on calculating the LQGs of a func-

tion with three variables, that is, a function in three-dimensional space. Section 2.4 gives

a comprehensive review of ALQG using a set of more compact notation that can help it

clarify. Section 2.4.1 present the way ALQG combines Taylor’s theorem and the method

of least square to establish a set of estimating tensor equations of order up to four, which
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should be consistently solved to attain the estimations of the LQGs. Section 2.4.2 shows a

compact form of the estimating equations of ALQG, following which a detailed and com-

prehensive review on the physical meaning of each term of these equations is conducted

and some advantages brought about by setting the geometric center as the target point of

the algorithm are mentioned. Section 2.4.3 presents a brute method that solves the set of

equations numerically when viewing them as a system of linear equations. Section 2.4.4

shows more of subtlety and in accord with the role of each term in the three tensor equa-

tions an approach that is applied by ALQG to solve the equations numerically. Add to that

in Section 2.4.4 the review in Section 2.4.5 that deals with the tensor equation of highest

order of the triplet completes the whole algorithm. In Section 2.4.6 we make a thorough

discussion on two characteristic matrices that emerge from the solution of the tensor equa-

tion of the highest order and show great importance for their influence on the algorithm’s

truncation error. Section 2.5 give a mathematical proof to the statement in ALQG that at

least ten measurement points are needed to conduct a calculation. Section 2.6 is devoted

to developing an time-dependent algorithm for ALQG to stretch its ability to calculate the

temporal LQGs and also make it go at poor clock synchronization among mountains of

measurements. Section 2.7 is a summary and discussion of the constructions and findings

in this chapter.

2.2 Basics of numerical differentiation

Numerical differentiation has been well developed for more than a hundred to two

hundred years. The question soliciting it from mathematical giants in the 18th and 19th

centuries is whether a derivative f ′(c) can be estimated from several known values of f(x),

such as f(xi) at xi for i = 1, 2, . . . , n. The general answer is yes which is qualified by the

development of various numerical differentiation techniques. The usual way to address

this problem is to start from the definition of the derivative of a real function,

f ′(x) = lim
h→0

ϕ(x, h) , (2.1)

where ϕ(x, h) = (f(x+ h)− f(x)) /h is equivalent to a single variable function ϕx(h)

whose value is closer to f ′ (x) when its variable h is closer to zero. In other words, the

larger the value of h assumes, the greater the difference between ϕ(x, h) and f ′ (x) goes.
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Therefore, the function ϕ(x, h) can be used as an estimator of f ′ (x) as

f̃ ′ (x) =
f (x+ h)− f (x)

h
. (2.2)

Here we add a tilde atop the mathematical character f to indicate it is an estimation of f .

When values of f (x) at two points, say x1 and x2, are extracted by some measurements

on the real function, the derivative of it at the two points can be estimated as ϕ(x1, x2−x1)

and ϕ(x2, x1 − x2). In fact, these two estimations are equal because only one estimation

can be obtained this way by taking into account function values at two points. This can be

realized by combining

f̃ ′
2 (x) =

f(x2)− f(x)

x2 − x
,

f̃ ′
1 (x) =

f(x1)− f(x)

x1 − x
,

to get

f̃ ′
1 (x) +

(
f̃ ′
2 (x)− f̃ ′

1 (x)
) x2 − x

x2 − x1

=
f(x2)− f(x1)

x2 − x1

(2.3)

A general estimator of f(x) at any point x can then be set as

f̃ ′ (x) =
f(x2)− f(x1)

x2 − x1

(2.4)

As seen from the left-hand side of eq. (2.3), this estimator contains minor error when both

f̃ ′
2 (x) and f̃ ′

1 (x) are good estimators and |x2 − x| not too larger than |x2 − x1|, which

requires that x is close to both x1 and x2.

To access the error contained in the estimator shown in eq. (2.2), Taylor’s theorem

is recalled. The theorem can be written as,

f (x+ h) = f (x) + hf ′ (x) +
h2

2
f ′′ (ξ) . (2.5)

By comparing this equation with eq. (2.2), the error is readily obtained as f ′′ (ξ)h/2which

converges to zero linearly with h. In the same way, the error involved in the general esti-

mator that can evaluate the derivative of a real function at any point as shown in eq. (2.4),

can be accessed by invoking Taylor’s theorem twice as,

f (x+ h1) = f (x) + h1f
′ (x) +

h2
1

2
f ′′ (x)− h3

1

6
f ′′′ (ξ) ,

f (x+ h2) = f (x) + h2f
′ (x) +

h2
2

2
f ′′ (x)− h3

2

6
f ′′′ (ζ) ,
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and combining them to get

f ′ (x) =
f (x+ h1)− f (x+ h2)

h1 − h2

− h1 + h2

2
f ′′ (x) +O

(
(h1 − h2)

2) . (2.6)

By comparing eq. (2.6) with eq. (2.4), the error is easily discerned as varying linearly

with h1+h2. A special case is h1 = −h2 ≡ hwhen the second term on the right-hand side

of eq. (2.6) vanishes and the error, therefore, is at the order of h2. This special estimator

of higher accuracy while using the same information as input can be written explicitly as,

f̃ ′ (x) =
f (x+ h)− f (x− h)

2h
. (2.7)

It is noted that the estimated derivative at the center point of the two measurement points

is of the highest accuracy.

2.3 A rudimental consideration for simultaneous measurements

Since the total mass and volume of payloads onboard a spacecraft and the num-

ber of spacecraft in a fleet are highly restricted by the expensive launches of rockets, the

making uses of multipoint measurement data acquired through space missions have to be

to their limit. The geometric center is of this advantage when the derivative of a physical

field at some point is to be calculated based on the data sampled at multiple locations. This

is evidenced by the special case introduced in Section 2.2 that the estimator of eq. (2.7)

gives an accuracy of one order higher than the general estimator of eq. (2.4) does.

A naive approach to calculate the linear gradient of a field is by applying eq. (2.7)

three times on four measurements at four non-planar points. The points in a constellation

of four in the following are tagged with both xα for themselves and xαi in the form of their

components. Here the Greek character α = 1, 2, 3, 4 is the index of measurement point

and the Latin character i = 1, 2, 3 is for the three spatial dimensions x, y, z. Estimations

can then be derived as

∂′
β f̃ ((x1 + xβ) /2) =

f (x1)− f (xβ)
|x1 − xβ|

, (2.8)

when the first measurement point, x1, is chosen as the base point. Here β = 2, 3, 4 in-

dicates the rest measurement points and ∂′
β indicate the partial differentiation along the

direction of the vector x1 − xβ . These estimations are of second-order accuracy.
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However, a problem arises due to the detachment of three linear gradient compo-

nents at three locations, (x1 + xβ) /2 for β = 2, 3, 4. To unite them at a single location,

one may impose them upon the linear gradient components at the base position x1. This

is identical to applying eq. (2.2) instead of eq. (2.7) to the four measurements and gives

first-order rather than second-order accuracy.

A simple way to calculate the quadratic gradient is to calculate the linear-gradient

of the linear gradient. Building on four linear gradients calculated using data from four

sets of four-point measurement, i.e. a sixteen-point measurement, the quadratic gradient

can be obtained similarly as the linear gradients are obtained. This method, nonetheless,

is not of interest, because it does not give an estimation with the least error, nor does it

minimize the number of measurement points required to calculate the quadratic gradient.

As we shall see shortly, the geometric center, in three-dimensional space as it in one-

dimensional space, has merit to achieve the algorithm’s minimal error. And merely ten

points of measurement instead of sixteen are required to provide complete information of

the quadratic gradient.

In summary, a simple application of the differential technique in one-dimensional

space to the estimation of LQGs in space of higher dimensions fails.

2.4 The time-independent algorithm

A physical field is always a continuous function of space and time. In this sec-

tion, we are interested in the field invariant in terms of temporal variable would make a

comprehensive review on ALQG[82] , an algorithm that can calculate the spatial LQGs. As

a convention for this section, since time is omitted, spatial LQGs are simply referred to

by LQGs. To simplify the appearance of the algorithm, a scalar field f is used here in re-

placement for any tensor field that may concern the data analysts in real application, since

a tensor field is composed of scalar fields.

There are ten degrees of freedom in the question of calculating the LQGs of the

scalar field f at a given spatial point, say x, one of which is for the field itself f (x), three of

which are for its linear-gradient components ∂if (x)where i = 1, 2, 3, six of which are for

its independent quadratic gradient components ∂i∂jf (x) where i = 1, 2, 3 and j = 1, 2, 3.

Note that herewe assumed ∂i∂jf (x) = ∂i∂jf (x) since physical fields are always infinitely
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differentiable. To provide full information to estimate these ten eventual values, at least ten

points of measurement are needed. This requirement is proved mathematically in Section

2.5, and also verified in the computer simulation shown in Chapter 3.

Taylor’s theorem is a good start point to consider the question, but cannot lead to the

end on its own right. A better approach is to combine it with mathematical optimization,

that is, to minimize the error of the algorithm. The method of optimization has already

been used by Harvey in deriving the algorithm for calculating the spatial linear gradient of

a physical field based on four or more points measurement[44] . But the author has not taken

advantage of Taylor’s theorem and hence that of the geometric center of measurement

points. Independently, Shen at al. combined the Taylor’s theorem and the least square

method to construct the ALQG that can derive not only the linear gradient but also the

quadratic gradient of a field at the center of measurement-point constellation.

2.4.1 Approximating in three-dimensional space

The general Taylor expansion of the scalar field f (x0 +∆x) at point x0 reads,

f(x0 +∆x) = f(x0) + ∆xi∂if(x0) +
1

2
∆xi∆xj∂i∂jf(x0) + o(|∆x|2) (2.9)

Let the positions of N ≥ 10 measurement points be xα, 1 ≤ α ≤ N and their

displacement be ∆xα from the target point, x0, at which we wish to determine the LQGs

of the field f , ∂if (x0) and ∂i∂jf (x0), from the simultaneous measurement f (xα) at each

measurement point α. To simplify the equation of Taylor expansion and the equations fol-

lowing, we introduce the notations of f0, f0,i, f0,i,j , where a comma in subscript indicates a

partial differentiation, as substitutes for f(x0), ∂if (x0), and ∂i∂jf (x0), respectively, and

also fα for f (xα). eq. (2.9) can then be rewritten for measurement point α as,

fα = f0 +∆xαif0,i +
1

2
∆xαi∆xαjf0,i,j + o(|∆x|2). (2.10)

The last term in eq. (2.10), o (|∆x|2), is a truncation error and varies at higher than the

second order of |∆x|. If it vanishes, the resultant estimation of the ten values, f̃α, f̃0,i, and

f̃0,i,j , are precise. Here f̃ with a tilde atop indicate that it is an estimation of the real value

f . The greater the error is, the greater error would be contained in the estimated values.

This is where optimization comes in, to minimize the error o (|∆x|2).
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By summing the squared error over all measurement point indices, we obtain the

action, or total error, as

S =
1

N

N∑
α=1

(
fα − f̃0 − f̃0,i∆xαi −

1

2
f̃0,i,j∆xαi∆xαj

)2

. (2.11)

To obtain its minimum, we finely tune the values of the ten variables. Analytically, the

fitted ten values can be achieved by solving a set of estimating equations which are de-

rived by setting the action’s partial differentiation with respect to the ten variables to be

zero. These ten scalar equations can be cast into tensor forms and present as three tensor

estimating equations,

∂S

∂f̃0
= 0,

∂S

∂f̃0,k
= 0,

∂S

∂f̃0,k,l
= 0. (2.12)

It is noted that in the third tensor estimating equation which is for quadratic gradient, three

more scalar equations that are duplicates of three in the six independent scalar equations,

due to the symmetry of f0,k,l, are included to make up the full nine-component tensor

equation.

2.4.2 The estimating equations

The three tensor estimating equations in explicit forms are fairly tedious and weary.

Before moving forward to solve them, we introduce new notations tackling the repetitions

to simplify them and make their countenance more compact. Several quantities only re-

lated to the distribution of the constellation of measurement points are defined as,

Ri =
1

N

N∑
α=1

∆xαi, (2.13)

Rij =
1

N

N∑
α=1

∆xαi∆xαj, (2.14)

Rijk =
1

N

N∑
α=1

∆xαi∆xαj∆xαk, (2.15)

Rijkl =
1

N

N∑
α=1

∆xαi∆xαj∆xαk∆xαl . (2.16)

Among them, Ri is the geometric center of the constellation, and Rij is the volumetric

tensor[44] . Other quantities related both to the distribution of the constellation and to the
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measured values of the field are defined as,

F =
1

N

N∑
α=1

fα, (2.17)

Fi =
1

N

N∑
α=1

fα∆xαi, (2.18)

Fij =
1

N

N∑
α=1

fα∆xαi∆xαj. (2.19)

The set of estimating equations in eq. (2.12) can thence be written explicitly as,

f̃0 = F − f̃0,iRi −
1

2
f̃0,i,jRij, (2.20a)

f̃0,iRik = Fk − f̃0Rk −
1

2
f̃0,i,jRijk, (2.20b)

f̃0,i,jRijkl = ckl, (2.20c)

where

ckl = 2
(
Fkl − f̃0Rkl − f̃0,iRikl

)
, (2.21)

is defined again for the reason of compactness and convenience. These equations involve

the measured scalar field values contained in F s, i.e. F, Fi, Fij , the configuration of the

measurement constellation contained inRs, i.e. Ri, Rij, Rijk, Rijkl, and the unknown field

and its first-order and second-order partial derivatives at the point x0 to be estimated. The

estimations can be acquired through solving this set of estimating equations.

To facilitate the process of solving eqs. (2.20a) to (2.20c), a good comprehension

of each term of them is necessary. The first term on the right-hand side of eq. (2.20a),

F , as defined by eq. (2.17) is the averaged measured field values which, in terms of per-

turbation theory, can be viewed as the zeroth approximation of the true field value we

want to determine in the vicinity of the sites where data are drawn by the measurements.

The second term, f̃0,iRi, involving the expansion displacement of first order, ∆xαi, is the

first-order perturbative correction to the zeroth term. And in the same way, the third term

which contains squared expansion displacement, ∆xαi∆xαj , is the second-order correc-

tion. Being added to by the first-order and second-order correction, the initial solution of

the equation, or the zeroth approximation of the field value f0, becomes the second-order

approximation containing decreased truncation error and therefore being of increased ac-

curacy. In eq. (2.20b), the first term is the zeroth approximation of f0,iRik. When the
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equation does not contain the corrections of first order and second order following this

term, it is presented in a similar form as derived by Harvey[44] and by Shen et al.[46] for the

linear gradient of a field. Since we are pursuing the quadratic gradient as well as the linear

gradient of a field, the corrections have to be retained in this equation. In the triad, the

last tensor equation consisting of nine scalar equations, or six independent scalar equa-

tions, serves as a complement to the other two and furnish ranks in the whole system of

the equations.

One thing that deserves a special mention before our diving into solving the equa-

tions is the importance of the geometric center of the constellation. As having been pre-

sented in Section 2.2, this point is of considerable account on reducing the error of and

improving the accuracy of the estimation. In eqs. (2.20a) and (2.20b), the second term on

the right-hand sides of the equal marks may vanish, since Ri = 0 for all i were the geo-

metric center to be chosen as the target point x0. Besides, the displacement of the Taylor

expansion of eq. (2.10) may become the smallest ever available.

In spite of the great advantage the geometric center of the constellation brings

about, here for the sake of the completeness and generality of the algorithm, the special

target point is not chosen in replacement for the more general point x0, and the terms

containing Ri are kept in eqs. (2.20a) and (2.20b) as these equations stand.

2.4.3 Solving the estimating equations by linear system solvers

Now we turn to solving this complex and convoluted system of tensor equations

of fourth order, that is, a set of tensor equations in which the highest order of the tensors

involved reaches four.

One way to tackle it is by casting this system into the form of ten scalar linear

equations containing ten unknowns. By arranging the ten unknown variables, f̃0, f̃0,i, f̃0,i,j
into the vector in ten-dimensional vector space,

f =
(

f̃0 f̃0,1 f̃0,2 f̃0,3 f̃0,1,1 f̃0,1,2 f̃0,1,3 f̃0,2,2 f̃0,2,3 f̃0,3,3

)
. (2.22)

the system of linear equations, in matrix form, is

Fi = Rijfj, 1 ≤ i, j ≤ 10 , (2.23)
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where the constant term is defined by

F =
(

F F1 F2 F3 2F11 2F12 2F13 2F22 2F23 2F33

)
, (2.24)

and the coefficient matrix is defined as

R =



1 R1 R2 R3
1
2
R11 R12 R13

1
2
R22 R23

1
2
R33

R1 R11 R21 R31
1
2
R111 R121 R131

1
2
R221 R231

1
2
R331

R2 R12 R22 R32
1
2
R112 R122 R132

1
2
R222 R232

1
2
R332

R3 R13 R23 R33
1
2
R113 R123 R133

1
2
R223 R233

1
2
R333

2R11 2R111 2R211 2R311 R1111 R1211 R1311 R2211 R2311 R3311

2R12 2R112 2R212 2R312 R1112 R1212 R1312 R2212 R2312 R3312

2R13 2R113 2R213 2R313 R1113 R1213 R1313 R2213 R2313 R3313

2R22 2R122 2R222 2R322 R1122 R1222 R1322 R2222 R2322 R3322

2R23 2R123 2R223 2R323 R1123 R1223 R1323 R2223 R2323 R3323

2R33 2R133 2R233 2R333 R1133 R1233 R1333 R2233 R2333 R3333



.

(2.25)

Please not that eq. (2.20c) with two free indices k, l represent nine linear equations, among

which six are independent since the equation is symmetric with respect to the two free

indices, and correspond to the last six rows in R, or Rij for 5 ≤ i ≤ 10, 1 ≤ j ≤ 10. We

may list in order the combinations of the two indices of the six independent equations as

I = {k, l} , 1 ≤ k ≤ l ≤ 3 , (2.26)

or explicitly,

I = {{1, 1}, {1, 2}, {1, 3}, {2, 2}, {2, 3}, {3, 3}} , (2.26’)

and based on it construct a six-dimensional linear space whose basis is

b6 = {k̂M |1 ≤ M ≤ 6} = {x̂1x̂1, x̂1x̂2, x̂1x̂3, x̂2x̂2, x̂2x̂3, x̂3x̂3}. (2.27)

This basis is in fact the basis of the last six dimensions of the ten-dimensional linear space

in which resides eq. (2.23), which can be readily solved using common linear system

solvers.

Using linear system solver is too brute to shed some light into the essence of the

algorithm, and cannot give accuracy comparable to given by another method which is

presented in Section 2.4.4. By this method, we could present a comprehensible and peda-

gogical way to address the problem in the form of tensor equations.
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2.4.4 Solving the estimating equations by an iterative method

In light of the discussion in Section 2.4.2 on the meaning of the many terms in

eqs. (2.20a) to (2.20c) with regard to perturbation theory, it is natural and reasonable to

come up with an iterative method as the solver for the triad. This method is to produce one

by one a sequence of approximation solutions that converge to the true solution. Suppos-

ing the approximation solution of kth order, the set of f̃ (k)
0 , f̃

(k)
0,i , f̃

(k)
0,i,j , is obtained through

computations beforehand, we substitute it into the right-hand side of eqs. (2.20a) to (2.20c)

to calculate the corrections added to the zeroth approximation, such as F in eq. (2.20a)

and Fk in eq. (2.20b), and compute a new version of the approximation solution on the

left-hand side, that is, of k + 1th order. Until an approximation solution with satisfactory

accuracy is obtained, the computation of the method is not ceased. The first set of ap-

proximation solutions, or that of zeroth order, is usually improvised for the scalar field in

real world to accelerate the computational convergence, or in other words, to reduce the

number of iterations in computation. For simplicity, it is recommended to be set as zero,

that is, f̃ (0)
0 = f̃

(0)
0,i = f̃

(0)
0,i,j = 0.

Because the complexities involved in each of eqs. (2.20a) to (2.20c) are different,

the time consumed in the computation for each equation varies. Computing them simul-

taneously and separately are not of advantage. In this case, it converges faster to the true

solution when the computations are done consecutively, that is, to substitute the approxi-

mation of the LQGs of kth order, f̃ (k)
0,i , f̃

(k)
0,i,j , into eq. (2.20a) to obtain f̃ (k+1)

0 , substitute the

lately calculated f̃
(k+1)
0 and the old f̃

(k)
0,i,j into eq. (2.20b) to obtain f̃

(k+1)
0,i , and substitute

the newish f̃ (k+1)
0 , f̃

(k+1)
0,i into eq. (2.20c) to obtain f̃ (k+1)

0,i,j .

The step-by-step approach is summarized as follows for clarity,

(1) Set the initial values of f̃0, f̃0,i, andf̃0,i,j .

(2) Substitute current f̃0,i and f̃0,i,j into eq. (2.20a) to obtain a new f̃0.

(3) Substitute current f̃0 and f̃0,i,j into eq. (2.20b) to obtain a new f̃0,i.

(4) Substitute current f̃0 and f̃0,i into eq. (2.20c) to obtain a new f̃0,i,j .

(5) Repeat steps 2-4 until a satisfactory accuracy of the estimation is achieved.
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For Step (1), as has been discussed above, zeros are advised as the initial values. For Step

(2), the computation is simple. For Step (3), with both sides of eq. (2.20b) multiplied by

the inverse of the matrix Rij , it is easy to calculate the new f̃0,l as

f̃0,l = (R−1)kl

(
Fk − f̃0Rk −

1

2
f̃0,i,jRijk

)
. (2.28)

While the computations involved in eqs. (2.20a) and (2.20b) are straightforward, the task

of solving eq. (2.20c) containing tensors of order as high as four to obtain f̃0,i,j is arduous

and thereafter entails another special subsection devoted to it. In addition, the solution of

this equation leads to some important insight into the capability of the algorithm.

2.4.5 Reducing tensor order

The form of eq. (2.20c), in general, is similar to that of eq. (2.20b). As an analogy

to the solution of eq. (2.20b), eq. (2.20c) can be solved as a no-brainer when multiplied

by the inverse of the fourth-order tensor Rijkl, if there is one. But there is no method yet

available to attain the inverse of a fourth-order tensor.

One thing noteworthy, if each term in the equation is inspected carefully, is that the

indices i, j and k, l always appear as pairs. To put it another way, i always accompanies j

and k always attend i. This point implies that we may combine the paired indices directly

into one index and reduce the order of the tensor equation.

Let the index for the combination of indices (i, j) to be M and for (k, l) to be N .

The original space on which eq. (2.20c) holds is three dimensional, and whose basis is the

set of (x1, x2, x3). After the combination, or transformation, since the fourth-order tensor

Rijkl is a fully symmetric tensor, the new space on which the transformed equation holds

is six-dimensional, the basis of which is in actual fact eq. (2.27), the basis of the last six

dimensions of the ten-dimensional linear space to which eq. (2.23) belongs.

Note that the transformed equation is not simply the eq. (2.20c) with subscripts

substituted by M,N , because there are hidden summations over all three-dimensional

indices that present twice as subscripts. A further work to be done is to transform these

summations into their six-dimensional counterpart, that is, to convert
∑3

i,j=1 to
∑6

M=1 and∑3
k,l=1 to

∑6
N=1. The summation over indexM is identical to the summation

∑3
i=1

∑3
j=i

as evidenced by the basis of the six-dimensional space shown in eq. (2.27). So eq. (2.20c)
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may be rewritten as

3∑
i=1

3∑
j=i

(2− δij)Rijklf̃0,i,j = ckl. (2.29)

The coefficient, 2−δij , by which the left-hand side of the equation is multiplied, is a com-

pensation to it for the lost terms of the exchange of i and j. The tensor Rijkl is symmetric,

but with the coefficient, (2− δij)Rijkl is no longer symmetric with respect to (ij) and

(kl). To repair the broken symmetry, both sides of the equation is multiplied by one more

coefficient, (2− δkl). Therefore, the equation reads

3∑
i=1

3∑
j=i

(2− δkl)(2− δij)Rijklf̃0,i,j = (2− δkl) ckl. (2.30)

Now the subscripts indicating three-dimensional space can be replaced by the new set of

indices of capitalized Latin characters, M,N which is for six-dimensional space, and the

resultant equation reads

F̃MRMN = CN , (2.31)

where

RMN = (2− δkl)(2− δij)R(ij)(kl), (2.32)

F̃M = f̃0,i,j, (2.33)

CN = (2− δkl) ckl. (2.34)

Note that the RMN is symmetric because of the multiplication of (2 − δkl), and only de-

pends on the geometrical distribution of the measurement points since it is obtained from

reducing Rijkl’s order. It is a characteristic matrix of the distribution of the measurement

points and, in fact, is of great significance as we shall see at the end of this subsection. The

unknown vector F comprises the exact six independent quadratic gradient components.

The symmetric matrixRMN can be diagonalized and its the normalized eigenvectors cor-

responding to the eigenvalues λM , 1 ≤ M ≤ 6 with λM ≥ λN for all M > N , can be

found as b6e = {êM |1 ≤ M ≤ 6}. The transformation matrix form the basis of b6 to b6e,

AMN , is constructed by

êM = AMN k̂N . (2.35)
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The coefficients of a vector, say eM êM = kM k̂M , on these two set of basis, are related by

eM = kN
(
A−1

)
NM

. (2.36)

Since A−1 is the inverse of A, eq. (2.31) can be

F̃M

(
A−1

)
MJ

AJLRLK

(
A−1

)
KO

AON

(
A−1

)
NI

= CN
(
A−1

)
NI

,

where two sets of A−1A are inserted on the left-hand side and both sides are multiplied

by a A−1. Through straightforward calculation, this equation can be cast into the form

comprising only coefficients of tensors on b6e,

FIλI = CI , (2.37)

where FI = FM (A−1)MI and CI = CN (A−1)NI are the coefficients of the correspondent

vectors in terms of the basis of b6e. Note that the repetition of the index of I in this equation

does not imply a summation convention. The unknownFI is calculated byCI/λI , and then

through the inverse transformation from the basis of b6e to b6 can be converted to FM =

FIAIM . This F , according to eq. (2.33), is composed exactly of the six independent

quadratic gradient components being looked for.

With eq. (2.20c) solved in this way, together with eqs. (2.20a) and (2.20b) solved

in Section 2.4.4, a complete algorithm for LQGs of a physical field building on at least ten

points measurement is established.

2.4.6 The characteristicmatrices of the distribution ofmeasurement points

The characteristic matrixR and its relative, another characteristic matrix,

RMN = R(ij)(kl), (2.38)

which is the directly reduced version of the fourth-order tensor Rijkl are of great value on

showing the capabilities and requirements of the algorithm and thereafter deserves some

special comments before we leave this section. They rely on the distribution of the con-

stellation and hence contain information about how the distribution affects the truncation

error of the algorithm. But as defined with the tensor Rijkl which depends on not only the

constellation’s distribution but also the position of the target point, they are not exactly in-

trinsic to the constellation. A better way to address this concern is to utilize the geometric

center as the target point, and the corresponding tensorsRc and Rc for analysis.
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At first glance, one may discern that the importance of Rc lie in the fact that

the eigenvalues of Rc should not be zero, because otherwise the calculation of FI us-

ing eq. (2.37) fails. To examine it in more detail, a direct relation between the number of

zeros of its eigenvalues and the spatial configuration of the constellation is easily justified.

When all measurement points are aligned along one direction, say x-axis, only ∆x1 does

not vanish which lead to a bare R1111 survived and henceRc
11 non-vanishing as,

Rc =


Rc

11 0 · · ·

0 0 · · ·

· · · · · · · · ·

 . (2.39)

This is, in fact, the case of one non-zero and five zeros of the eigenvalues of Rc. On the

other hand, for measurement done on one line, no information about the difference of the

physical field along two other directions orthogonal to it is obtained; And the LQGs cannot

be calculated based on such measurements. When all measurement points are positioned

in one single plane, intuitively, no gradient components along the normal of this plane can

be obtained. Mathematically, supposing it is the plane of x−y,∆x3 is zero, in which case

all components of R with subscripts 3 are zeros, and only the up-left corner of the matrix

Rc has non-zero values as,

Rc =



Rc
11 Rc

12 Rc
13 0 · · ·

Rc
21 Rc

22 Rc
23 0 · · ·

Rc
31 Rc

32 Rc
33 0 · · ·

0 0 0 0 · · ·

· · · · · · · · · · · · · · ·


. (2.40)

This matrix’s rank is three, so it can be diagonalized and with three non-zero eigenvalues

left. The transformation of the basis in the diagonalization does not involve any unit vec-

tor in the six-dimensional space constructed upon the unit vector x̂3 in three-dimensional

space. So no information about the gradient along x̂3 can be achieved which is consistent

with the foregoing intuitive imagination.

Zeros of eigenvalues of the rank-deficient Rc result in incalculable relevant FI

and therefore relevant components of F̃ . But small values of them, barely according to

eq. (2.37), might not heavily affect the total error involved in the computation, for the

reason that the error generated by the calculation of eq. (2.37) is a roundoff error that
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is by several degrees smaller than the algorithm’s truncation error. However, they may,

through other ways, exert a strong influence on the total error, that is, by truncation error.

To get a more deep understanding of how the configuration of the constellation

make an effect, rather than Rc, it is more of goodness to dwell upon the characteristic

matrix Rc that is derived from reducing the order of the tensor Rijkl directly without the

multiplication by the coefficients 2 − δkl and 2 − δij . This is because Rc is not a tensor,

while Rc is and its eigenvalues are invariant under the transformation of the coordinate

system of the three-dimensional space. As a rule of thumb, invariants are always important

quantities in physics. So do the eigenvalues of Rc.

A comparison of this matrix with the volumetric tensor Rc
ij can be made to gain

knowledge about what the eigenvalues of it stand for. In the case of calculating the linear

gradient of a field, it is of particular interest to evaluate how far the constellation extends

from its geometric center, because this distance, which may be referred to by l, determines

the truncation error of the algorithm as the parameter h does for the estimator of eq. (2.7)

in the one-dimensional case. To answer this question, we may construct a variance, along

a certain direction n, of the geometrically centric distances of all measurement points in

the constellation as

σ2 (n) = 1

N

∑
α

(ni∆xαi)
2 . (2.41)

The standard deviation σ (n) is assured of the quality the distance l has, since it is ameasure

of the dispersion of the measurement points’ positions. However, σ (n) is a function so

variable with the direction n that no specific value of it is set to be l. σ (n) is bounded,

so it has a maximum and a minimum along two directions perpendicular to each other.

These two directions plus the third direction along which σ (n) is stable can be obtained

by subjecting the minimization problem to the constraint n · n = 1, that is,

∂

∂nj

(
σ2 (n) + λ (n · n− 1)

)
= 0, (2.42)

or explicitly,

∂

∂nj

(
1

N

∑
α

(ni∆xαi)
2 + λ (nini − 1)

)
= 0. (2.43)

By distributing the partial differentiation to the two terms in the outmost parenthesis, this
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equation is equivalent to

1

N

∂

∂nj

∑
α

(ni∆xαi)
2 + λ

∂

∂nj

(nini − 1) = 0, (2.44)

and further to

1

N

∑
α

ni∆xαi∆xαj + λnj = 0. (2.45)

This equation, by using the definition ofRij in eq. (2.14), can be cast into a compact form,

Rjini = λnj. (2.46)

It is clear that ns, or ni for 1 ≤ i ≤ 3, are the eigenvectors of the volumetric tensor Rji.

Along these directions, the maximal, median, minimal standard deviation of the distribu-

tion of the measurement points can be obtained as σ (ni) for 1 ≤ i ≤ 3. Since Rij is

symmetric, these eigenvectors are orthogonal. In the coordinates frame whose basis is the

set of eigenvectors, ns, the matrix Rij is diagonalized so as to make the remaining ele-

ments Rii for 1 ≤ i ≤ 3 to be the three eigenvalues λi, 1 ≤ i ≤ 3 with λi ≥ λj for all

i > j. And the three characteristic lengths, instead of a single length l that may not be ap-

propriate for three-dimensional space, are exactly li ≡ σ (ni) =
√
Rii =

√
λi. Therefore,

the square roots of the three eigenvalues show the dispersion of the constellation along

the three axes of its geometrically characteristic coordinates frame, and each, of li, serves

as the small displacement h in eq. (2.7) for the corresponding direction, or dimension in

three-dimensional space.

In the case of quadratic gradient, we conjecture that some characteristic parameter

LM for 1 ≤ M ≤ 6 with LM ≥ LN for all M > N takes similar effects, as li do in

the linear gradient case, on the truncation error of the algorithm. Because differentiations

are taken consecutively along two directions that are either orthogonal or identical to each

other, the characteristic parameter may be in the form of LM = lilj for 1 ≤ i ≤ 3, i ≤ j ≤

3. L1 indicates the maximal variance of the constellation’s distribution when combining

the variances arising from two directions together. Note that the two directions may be

the same, and intuitively, must be the same for the maximal and minimal variances. This

point is plausible when one constructs a variance function as

σ4 (n1, n2) =
1

N

∑
α

(n1i∆xαi)
2 (n2i∆xαi)

2 . (2.47)
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If the form of the parameter, LM = lilj , exists, Rc
MN should have, in quadratic gradient

case, as has Rij in linear gradient case, the role that its eigenvalues are directly related to

the variance by
√

Rc
MM = LM . Its eigenvectors should be in the form of

êM = x̂′ix̂′j , (2.48)

where x̂′i = sij x̂j are combinations of the basis vectors in three-dimensional space. Nonethe-

less, as we shall see in Chapter 3, eq. (2.48) does not necessarily hold, although êM are

combinations of k̂M that are defined in terms of the basis of the three-dimensional space

as in eq. (2.27).

2.5 Proof of the Required Number of Points at a Minimum

The fact that there are ten unknown variable altogether suggests ten measurements

are needed. To prove this point, we may break it down to two parts and prove them sep-

arately. The first part is that there exists a set of ten measurements that can be used to

estimate the complete linear and quadratic gradients. The second part is that any set of

measurements less than ten cannot give a complete estimation based on the algorithm.

According to eq. (2.23), if the coefficient matrix R is of full rank, that is, ten,

we can solve the equation to obtain the estimation. On the other hand, if R is not of

full rank, in which case eq. (2.23) cannot have any unique solution, the estimation is not

obtainable. Therefore, the two parts of the proof are transformed to that in the special case

of ten measurements,R is of full rank, and that in any case of less than ten measurements,

R is not a full rank matrix.

The first is easy to prove if we use some computer program to generate at random

ten sets of three dimensional vectors, each representing in space the position at which a

virtual measurement is made, and based onwhich the rank ofR is calculated and compared

with ten. The simulation regarding the error by number of measurement points shown in

Section 3.5 is an example in which a set of ten positions makes full the rank ofR and leads

to complete and correct estimation.

The second part is a general proposition that requires more dedication. To prove

the second part, we should consider another set of N estimation equations,

fα = f̃0 +∆xαif̃0,i +
1

2
∆xαi∆xαj f̃0,i,j , (2.49)
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where 1 ≤ α ≤ N .

We would like to show that eq. (2.20), or eq. (2.23), are linear combinations of

eq. (2.49) over all possible α. Let Eα indicate eq. (2.49), and Eλ, λ ∈ {a, b, c} for three

equations of eq. (2.20). We have

1

N

∑
α

Eα = Ea , (2.50a)

1

N

∑
α

Eα∆xαµ = Eb , (2.50b)

1

N

∑
α

Eα∆xαµ∆xαν = Ec . (2.50c)

Therefore, eq. (2.20) or eq. (2.23) is a linear recombination of eq. (2.49) over all α. The

coefficient matrices of these linear system are also subject to the same linear combination

1

N

∑
α

Cαj = Ca =R1j , 1 ≤ j ≤ 10 (2.51a)

1

N

∑
α

Cαj∆xαk = Cb =Rij , 2 ≤ k + 2 = i ≤ 4, 1 ≤ j ≤ 10 (2.51b)

1

N

∑
α

Cαj∆xαk∆xαl =Rij , {k, l} ∈ I 7→ 5 ≤ i ≤ 10, 1 ≤ j ≤ 10 (2.51c)

where Cα is the coefficient matrix of the linear system of eq. (2.49) as,

Cα =
(

1 , ∆xαi ,
2−δij

2
∆xαi∆xαj

)
, 1 ≤ α ≤ 10, 1 ≤ i ≤ j ≤ 3 , (2.52)

or explicitly,

C =



1 , · · · , 1

∆x10 , · · · , ∆x100

... ... ...

∆x13 , · · · , ∆x103

1
2
∆x10∆x10 , · · · , 1

2
∆x100∆x100

∆x10∆x11 , · · · , ∆x100∆x101

... ... ...

∆x12∆x13 , · · · , ∆x102∆x103

1
2
∆x13∆x13 , · · · 1

2
∆x103∆x103



T

. (2.52’)
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Note that on the right side matrix the superscript T represent transpose and 10 in the sub-

scripts of the symbols in the last column of the matrix represents a single index rather than

a combination of two indices 1 and 0. In eq. (2.51c), six combinations of k, l according

to eq. (2.26) correspond to six possible value of the index 5 ≤ i ≤ 10. eq. (2.51) can be

rewritten as

(Cc)iα Cαj = Rij , 1 ≤ i, j ≤ 10 , (2.53)

where the coefficient matrix Cc for the linear combination in eq. (2.50) as well as in

eq. (2.51) is

(Cc)α =


1

∆xαk

∆xαk∆xαl

 , 1 ≤ α ≤ 10, 1 ≤ k ≤ l ≤ 3 , (2.54)

or explicitly,

Cc =



1 , · · · , 1

∆x10 , · · · , ∆x100

... ... ...

∆x13 , · · · , ∆x103

∆x10∆x10 , · · · , ∆x100∆x100

∆x10∆x11 , · · · , ∆x100∆x101

... ... ...

∆x12∆x13 , · · · , ∆x102∆x103

∆x13∆x13 , · · · , ∆x103∆x103



. (2.54’)

Note that 10 in the subscripts of the symbols in the last column represents a single index

rather than a combination of two indices 1 and 0. According to eq. (2.53), we have

rank (R) ≤ min (rank (Cc) , rank (C)) . (2.55)

The rank of C satisfy the inequality

rank (C) ≤ min (N, 10) . (2.56)

Combining eq. (2.55) and eq. (2.56), we get

rank (R) ≤ N , (2.57)
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which means when the number of measurements is less than ten, N < 10, of eq. (2.23)

the coefficient matrix, R, is not of full rank.

To this point where two parts of the original proposition that at least ten measure-

ments are required to give complete estimation are proved successfully, we conclude this

proposition true.

2.6 The time-dependent algorithm

The algorithm shown in Section 2.4 involves ten or more points measurement. If

these points indicate instruments, such as electric potential probes onboard one spacecraft,

it is easy tomake sure that themeasurements at different points are made simultaneously as

is required by the time-independent algorithm shown in Section 2.4. For the case of multi

points on multiple spacecraft, in which each instrument requires a spacecraft to carry it,

the algorithm may require ten or more spacecraft to be temporally synchronized. This is

not easily guaranteed in such a large constellation. To deal with the effect of poor satellite

clock synchronization, a time-dependent algorithm is needed.

A complete description of a physical field in space and time is written, nominally,

as f (t, x, y, z) by extending the parameter space from three-dimensional space whose

basis is solely spatial to four-dimensional space in which a vector x has four components

xµ for 0 ≤ µ ≤ 3 standing for temporal and spatial parameters t, x, y, z. Note that Greek

character is used as the component index for four-dimensional space here while Latin

characters, as in Section 2.4, are used for three-dimensional space. A set of space-time

parameters is sufficient to pinpoint a measurement. Multiple measurements conducted at

different temporal and spatial positions by one spacecraft do not make any difference when

compared with measurements by multiple spacecraft. In other words, using indices for the

measurements is more accurate to distinguish the data input of the algorithm than for the

spacecraft that performs the measurements. Therefore, we use xα for the temporal-spatial

position where the measurement α is made and xαµ for the µth component of the position.

The Taylor expansion of a field measurement fα is written as

fα = f0 +∆xαµf0,µ +
1

2
∆xαµ∆xανf0,µ,ν + o(|∆x|2) , (2.58)

where Latin subscripts i, j in eq. (2.10) for time-independent measurements are replaced

by Greek subscripts µ, ν for the time-dependent case. Note that α here is the index of
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measurement rather than spacecraft.

The total error to be minimized, when N asynchronous measurements are con-

ducted, is

S =
1

N

N∑
α=1

(
fα − f̃0 − f̃0,µ∆xαµ −

1

2
f̃0,µ,ν∆xαµ∆xαν

)2

, (2.59)

which is again a simply extended version of its time-independent counterpart eq. (2.11).

With a similar approach to get eq. (2.12), fifteen scalar equations are obtained and kept

in tensor form as

∂S

∂f̃0
= 0,

∂S

∂f̃0,µ
= 0,

∂S

∂f̃0,µ,ν
= 0. (2.60)

The first tensor equation in eq. (2.60) is a scalar equation. The second tensor equation is

composed of four scalar equations as µ ranges from 0 to 3. The third tensor equation is the

compact version of ten independent scalar equations since both µ and ν range from 0 to

3 and f̃0,µ,ν is symmetric with respect to µ and ν. Several quantities in close relationship

with eqs. (2.13) to (2.16) that only depend on the temporal and spatial distribution of the

constellation are constructed as follows

Rµ =
1

N

N∑
α=1

∆xαµ, (2.61)

Rµν =
1

N

N∑
α=1

∆xαµ∆xαν , (2.62)

Rµνρ =
1

N

N∑
α=1

∆xαµ∆xαν∆xαρ, (2.63)

Rµνρσ =
1

N

N∑
α=1

∆xαµ∆xαν∆xαρ∆xασ . (2.64)

Note that α is the index for measurement points rather than four dimensions. Rµ is the

spatial and temporal center of the measurements, andRµν is the volumetric tensor in four-

dimensional space. Other quantities related both to the distribution of the constellation
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and to the measured values of the field are defined similarly as,

F =
1

N

N∑
α=1

fα, (2.65)

Fµ =
1

N

N∑
α=1

fα∆xαµ, (2.66)

Fµν =
1

N

N∑
α=1

fα∆xαµ∆xαν . (2.67)

The set of estimating equations in eq. (2.60) can then be rewritten explicitly as,

f̃0 = F − f̃0,µRµ −
1

2
f̃0,µ,νRµν , (2.68a)

f̃0,µRµρ = Fρ − f̃0Rρ −
1

2
f̃0,µ,νRµνρ, (2.68b)

f̃0,µ,νRµνρσ = cρσ, (2.68c)

where

cρσ = 2
(
Fρσ − f̃0Rρσ − f̃0,µRµρσ

)
. (2.69)

The methods of solving this set of time-dependent equations numerically are alike to those

of solving time-independent equations, eqs. (2.20a) to (2.20c).

In general, there are two ways to solve them. The first, which is analogous to

the method presented in Section 2.4.3 for time-independent case, is to cast this system of

equations into fifteen independent linear equations in which fifteen unknown variables, f̃0,

f̃0,µ and f̃0,µ,ν , can be obtained by solving them using linear system solvers. The explicit

formation of this method is not presented here partly due to the bulky matrix of order

15× 15 and partly for its similarity to its time-independent counterpart.

The other way, which is more of culture, as it not only iterates to refine the esti-

mations of the unknown variables, which is the essence of the algorithm, but also make

use of invariants internal to the distribution of the measurement points rather than the su-

perficial components of the tensors, F s, and Rs, is as same as presented in Section 2.4.4.

The recommended procedure is as follows,

(i) Set the initial values of f̃0, f̃0,µ, andf̃0,µ,ν .

(ii) Substitute current f̃0,µ and f̃0,µ,ν into eq. (2.20a) to obtain a new f̃0.
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(iii) Substitute current f̃0 and f̃0,µ,ν into eq. (2.20b) to obtain a new f̃0,µ.

(iv) Substitute current f̃0 and f̃0,µ into eq. (2.20c) to obtain a new f̃0,µ,ν .

(v) Repeat steps 2-4 until a satisfactory accuracy of the estimation is achieved.

For Step (i), as has been discussed in Section 2.4.4, zeros are advised as the initial values.

For Step (ii), the computation is simple. For Step (iii), with both sides of eq. (2.68b)

multiplied by the inverse of the matrix Rµν , it is easy to calculate the new f̃0,σ as

f̃0,σ = (R−1)ρσ

(
Fρ − f̃0Rρ −

1

2
f̃0,µ,νRµνρ

)
. (2.70)

To solve eq. (2.68c) and give a new estimation of f̃0,µ,ν based on current f̃0 and

f̃0,µ, it is again advisable to reduce the tensors’ order and increase the dimension of the

space from four to ten. Let the index for the combination of indices (µ, ν) to be Θ and

for (ρ, σ) to be Σ. The new space constructed from the original four-dimensional space,

whose basis is (x̂0, x̂1, x̂2, x̂3), is ten-dimensional, the basis of which is

b10 = {k̂Θ|1 ≤ Θ ≤ 6} = {x̂0x̂0, x̂0x̂1, x̂0x̂2, x̂0x̂3, x̂1x̂1, x̂1x̂2, x̂1x̂3, x̂2x̂2, x̂2x̂3, x̂3x̂3}.

(2.71)

eq. (2.68c) in this ten-dimensional space reads

F̃ΘRΘΣ = CΣ, (2.72)

where

RΘΣ = (2− δρσ)(2− δµν)R(µν)(ρσ), (2.73)

F̃Θ = f̃0,µ,ν , (2.74)

CΣ = (2− δρσ) cρσ. (2.75)

The RΘΣ is symmetric and only depends on the temporal and spatial distribution of the

measurement points since it is obtained by the reduction of Rµνρσ’s order. It is a charac-

teristic matrix of the distribution of the measurement points. The vector F to be deter-

mined comprises the exact ten independent quadratic gradient components. The symmet-

ric matrix RΘΣ can be diagonalized and its the normalized eigenvectors corresponding

to the eigenvalues λΘ, 1 ≤ Θ ≤ 10 with λΘ ≥ λΣ for all Θ > Σ, can be found as
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b10e = {êΘ|1 ≤ Θ ≤ 10}. The transformation matrix from the basis of b10 to that of b10e,

AΘΣ, is constructed by

êΘ = AΘΣk̂Σ. (2.76)

The coefficients of a vector, eΘêΘ = kΘk̂Θ, on these two sets of basis, are related by

eΘ = kΣ
(
A−1

)
ΣΘ

. (2.77)

By using the new basis, b10e, for the ten-dimensional space, eq. (2.72) can be transformed

into

FΥλΥ = CΥ, (2.78)

where FΥ = FΘ (A−1)ΘΥ andCΥ = FΣ (A−1)ΣΥ are the coefficients of the correspondent

vectors in terms of the basis of b10e. The repetition of the index of Υ in this equation

does not imply a summation convention. The unknown FΥ is calculated by CΥ/λΥ, and

then through the inverse transformation from the basis of b10e to b10 can be converted to

FΘ = FΥAΥΘ. Step (iv) is worked out at this point.

By following the procedure from Step (i) to (v), one can calculate the LQGs of a

scalar field in the four-dimensional space, that is, its space-time domain. In practice, the

linear and quadratic gradient components involving the temporal domain, f0,0 and f0,0,i,

are usually not of interest and hence can be disregarded. The ten other components that

are solely spatial in this the time-dependent algorithm are obtained as the replacement for

the ten concerning Section 2.4 in time-independent algorithm for a collection of data that

are not well temporally synchronized.

This algorithm requires at least fifteen measurements as input. The five more mea-

surements account for one more freedom added by the time derivative for the linear gra-

dient, f0,0, and four more freedoms for quadratic gradient by the combinations of a time

derivative with itself and three spatial derivatives, f0,0, f0,1, f0,2, f0,3. A rigorous proof can

be given in analogue to that, discussed in Section 2.5, of time-independent algorithm.

2.7 Summary and discussion

In this chapter, we reviewed a time-independent algorithm and building on it con-

structed a time-dependent algorithm for LQGs. The first is based on ten or more points
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at which measurements are done simultaneously and therefore is time-independent. The

other is based on fifteen or more measurements that scatter over not only spatial but also

temporal domains which means it is time-dependent.

We first introduced the basics of numerical differentiation, which not only pro-

vided the foundation of the algorithm to be derived but also showed the good value of the

geometric center as the target point of numerical differentiation in the one-dimensional

case.

The first time-independent algorithm was introduced then. By making use of the

Taylor’s theorem that expressed the field at the measurement points which show no dis-

crepancy in their time stamps as the field at the target point plus two small quantities

involving LQGs and a truncation error, and the least square method that minimize the

sum of squared truncation errors, a triad of tensor equations, or ten scalar equations, are

constructed that gave estimations of the LQGs of a physical field at any target point not

far from the constellation of measurement points. The time-independence of these equa-

tions requires that the measurements are conducted simultaneously which is easy to do for

measurements on a single spacecraft and for measurements conducted on a small constel-

lation of spacecraft. The geometric center is of particular interest when one is to achieve

the highest accuracy available among those provided by the algorithm using all possible

target points.

A brutal way to solve the set of equations is to view it as a system of linear equations

whose coefficient matrix is of order 10×10. The other way is to iterate over them in tensor

forms, which is suggested by the fact that they are perturbative in nature. The procedure is

summarized as five steps in Section 2.4.4. It is to calculate the field at the target point using

predefined LQGs of it, then to calculate the linear gradient using the field and its predefined

quadratic gradient, and after that to calculate the quadratic gradient using the obtained

field and its linear gradient. This is the first iteration. The following iterations utilize the

obtained field and its LQGs as predefined quantities and are performed until tidy accuracy

is achieved. At least ten measurement points are required to fully determine the LQGs of

the measured field, lest either the algorithms would collapse due to rank deficiency or the

estimations would contain errors of considerable size even if the algorithms generate them

in the usual ways.

- 36 -



Chapter 2 General Algorithms for the Linear and Quadratic Gradients of Physical Fields

Two characteristic matrices, Rc and Rc, appearing in the acquisition of quadratic

gradient in the foregoing procedure play important role in the determination of the algo-

rithm’s truncation error. This is manifested both by the geometrical interpretation of their

eigenvalues and by their comparison with the volumetric tensor which is long known for

its influence on the linear gradient of a physical field[44, 83] . The quadratic gradient can be

estimated only if the six eigenvalues of the characteristic matrixRc are non-vanishing. Rc

is a variance of the constellation of measurement points along two directions as compared

with the volumetric tensor as a variance along one direction.

A time-dependent algorithm was derived in a similar way as was for the time-

independent case. In this scenario, different measurement data are not only distinguished

by their spatial distribution but also temporal distinction. So this algorithm can be suitably

applied to a large constellation of spacecraft, for which temporal synchronization is hard to

achieve among its constituents. The spatial-temporal center of the measurements for this

algorithm is of equal quality the geometric center has for the time-independent algorithm

and is consequently recommended as the algorithm’s target point. At the minimum, fifteen

distinctive measurements are needed to give a sound estimation of the LQGs of the field.

The algorithm developed is general in that, except for the case of zero eigenvalues

of the characteristic matrices, no severe restriction is imposed on the configuration of the

constellation. As a constellation of spacecraft moves in space, each spacecraft proceeds

along its own path, and the configuration, i.e. the shape, the size, and even more hidden

features, of the constellation changes. The algorithm is robust under the ever-changing

configuration. In addition, although the algorithm is developed above solely to estimate

scalar physical fields, it is easily extended to estimate vector fields and even tensor fields

of higher order as long as it is recognized that each component of a tensor field is a scalar

field.
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CHAPTER 3

TESTING THE TIME-INDEPENDENT
ALGORITHM

3.1 Introduction

The two algorithms shown in Chapter 2 are able to estimate the LQGs of physical

fields, when the measurements are done concurrently and non-concurrently, respectively.

In this chapter, we focus on the modeling and test of the time-independent algorithm,

which is the more basic algorithm. Our goal is to verify the feasibility and reliability

of the algorithm and also test how its accuracy varies with the changing measurement

conditions.

For measurements in the real world, the large-scale physical field we are interested

in is always convoluted with fluctuations of short periods that are associated with wave

disturbances. Various filters can be applied to eliminate all these fluctuations[84] , and there-

after prepare smooth data for the adequate application of our algorithm. In this regard, the

data inputs of the algorithm in our modeling are set as free of noise and accurate. The

sampling interval is another factor that would affect the overall accuracy and that comes

before the involvement of the algorithm’s truncation error. When the spatial sampling

interval is comparable to the separation among measurement points, the algorithm fails

because of undersampling which occurs when the sampling rate, which is the inverse of

the sampling interval, is below the Nyquist rate which, in this case, is roughly the inverse

of the spatial scale of the gradients. Since this is a limitation internal to multipoint mea-

surement rather than to our algorithm, we make the data sampling instantaneous in the

following modeling.

Using three magnetic field models and one electric potential model, we analyze the

accuracy of the algorithm. The algorithm requires at least ten measurement points. In the

followingmodeling, a fifteen-pointmeasurement system is utilized to study the convergent

behavior of the iteration method and the variation of the truncation error with relative

measurement scale, L/D, which is the ratio of the measurement scale to the field structure

scale, after which much more constellations consisting different numbers of measurement
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points are included to explore the relationship between that number and the algorithm’s

truncation error.

In Section 3.2 we describe the constellation of the measurement points used for

the modeling. In Section 3.3 we prove the feasibility and reliability of the algorithm and

test its accuracy using a magnetic flux rope model. Section 3.4 shows the modeling of

the algorithm to further calculate the curvature of magnetic field lines using a dipole mag-

netic field. In Section 3.5 by using a modeled magnetospheric field (MMF), we show

the modeling to further calculate the torsion of magnetic field lines and also explore the

relationship between the number of measurement points and the truncation error of the

algorithm.

3.2 The configuration of the constellation

The modeling makes use of a constellation of fifteen spatial measurement points

generated at random. In total, seventy-five numbers are generated randomly in the interval

of [0, 1), and grouped into fifteen sets of triads, each indicative of the three-dimensional

coordinates, x, y, z, of a measurement point. The coordinates are then transformed into

the geocentric reference system, that is, by subtracting the coordinates of the geometric

center from each point’s coordinates. The fifteen sets of coordinates are summarized in

Tab. 3–1, in which α is the index of the measurement point. These points are also schemat-

ically shown in Fig. 3.1 which contains a three-dimensional view and two two-dimensional

views. Note that the units of physical quantities in modeling are senseless, and therefore

that unites are omitted from not only the coordinates but magnetic field and electric po-

tential field later on.

As had been discussed in Section 2.4.2, the geometric center of the constellation

as the target point is of particular value to attain the highest accuracy. It also simplifies

the calculation of the triad eqs. (2.20a) and (2.20b), since the vector Ri vanishes and two

terms are thereafter omitted in these equations. For these two reasons, we choose it as the

target point of the modeling that follows. And this is where the∆ ahead x, y, z in Tab. 3–1

comes in. ∆x, ∆y, and ∆z are not merely the coordinates of each measurement point in

the geocentric system but the distance of these points from the target point, as was defined

in eq. (2.9).
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Table 3–1: The distribution of the fifteen measurement points for time-independent algorithm’s modeling.

α ∆x(α) ∆y(α) ∆z(α)

1 −0.35625871 0.31260078 −0.32278244

2 0.10122866 −0.34510246 −0.09863743

3 −0.0457695 0.05588475 −0.21706713

4 0.32933612 −0.24280729 0.04528155

5 0.12109147 0.51034979 −0.0619287

6 0.20122728 −0.30162608 −0.36376746

7 −0.40462318 −0.03405563 0.38863522

8 0.05050484 −0.1127686 −0.02729327

9 −0.04648151 −0.0895545 0.37713579

10 0.45307819 0.2590997 −0.27757502

11 0.14281801 0.47971461 0.01243332

12 −0.23975622 −0.27111845 0.38020116

13 0.19652825 0.14035597 0.29059016

14 −0.4270209 −0.07966877 −0.48569933

15 −0.07590281 −0.28130384 0.36047358
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Figure 3.1: The distribution of the fifteen measurement points for time-independent algorithm’s modeling.
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Table 3–2: The eigenvalues of the characteristic matrixR

λ1 λ2 λ3 λ4 λ5 λ6

0.002728 0.008468 0.01080 0.01130 0.02385 0.03512

The size of the constellation is of particular interest since it defines the measure-

ment scale and hence the relative measurement scale. It, according to Harvey[44] , is twice

the largest characteristic lengths of the constellation. The three characteristic length, the

three square roots of the eigenvalues of volumetric tensor, of this constellation are a =

0.75, b = 0.61, and c = 0.24. So the size of it is 2a = 1.5, and the measurement scale, by

definition, is also L ≡ 2a = 1.5.

The characteristic matrix,R, can be calculated based on the coordinates shown in

Tab. 3–1 as

R =



9.15 1.89 −0.52 3.52 −3.26 7.68

1.89 14.09 −6.52 2.89 −3.32 1.90

−0.52 −6.52 30.73 −1.66 3.79 0.50

3.52 2.89 −1.66 11.54 −3.07 3.68

−3.26 −3.32 3.79 −3.07 14.73 −3.23

7.68 1.90 0.50 3.68 −3.23 12.02


× 10−3 . (3.1)

Its eigenvalues are shown in Tab. 3–2. They are not small values as compared with each

element in the matrix of R, which means the distribution is suitable for the algorithm. In

the following modeling, the constellation’s shape will remain unchanged when its size is

scaled up and down so as to keep the relative positions of each point to others unchanged

when adjusting the measurement scale of the constellation.

3.3 Magnetic flux rope

Magnetic flux rope is a basic magnetic structure that plays important roles in solar

physics, heliophysics, and magnetospheric physics. So it serves as our first magnetic field

model to test the algorithm. An axially symmetric, i.e. of zero oblateness, force free flux

rope, according to Lundquist[85] , in cylindrical coordinates system reads

B = B0[0, J1 (αr) , J0 (αr)] , (3.2)
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where B0 is the characteristic strength of the magnetic field of this model; Jn is the first

kind of Bessel function of order n; α is the reciprocal of the characteristic length in the

x−y plane of the flux rope; r is the distance between the observation point and the z-axis.

Although how large the values of the overall magnetic strength and the spatial scale do

not affect the accuracy analysis, for the sake of completeness, we formally set B0 = 60

and 1/α = 1 in the modeling. Viewing the variation of the first kind Bessel functions of

order zero and one with its variable, to set the characteristic structural scale D = r when

r < 1 and D = 1 when r ≥ 1 is in order.

The linear gradient of a magnetic field is composed of 9 independent components,

and the quadratic gradient of 18 components. They, in total, are composed of so many el-

ements that detailed studies on each one are unnecessary. More over, repeated and redun-

dant studies are so tedious that had better be simplified. Benefiting from the symmetries

of the flux rope model, that the magnetic field is invariant both along the axial and along

the azimuthal directions, we may reduce the number of components to deal with, since

the linear gradient along these directions vanishes. It is of advantage to choose points on

x-axis to be the geometric center of the constellation, as a straightforward contemplation

on the variation of the field shows that, if so, only B1,2, B2,1, and B3,1 for the linear gradi-

ent, and B1,1,2, B2,1,1, B2,2,2, B3,1,1, B3,2,2 are non-vanishing, and the rest components are

wiped out from the group. Without loss of generality by doing so, we can focus on ana-

lyzing truncation errors contained in estimations of non-vanishing components of a small

band. More detailed surveys of all components of LQGs are deferred to the modeling

using dipole magnetic field and MMF in Section 3.4 and Section 3.5.

We first investigate the algorithm’s performance during iteration. In general, it-

eration methods do not necessarily lead to convergence. Even if the result of iteration is

convergent, some require few iterations to achieve satisfactory results while others cost a

huge price on calculation. Supposing the geometric center of the constellation shown in

Tab. 3–1 is located at [1, 0, 0] where the local field structure scale, D, is unit, we lower

the distance among measurement points proportionally so as to reduce the size, i.e. the

measurement scale L, of the constellation and hence the relative measurement scale to

be L/D = 0.026. Iterative calculations using virtually measured magnetic field by this

contracted constellation are then performed, during which the errors of the LQGs are kept
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Figure 3.2: Relative errors of the non-vanishing components of the (a) Linear and (b) Quadratic magnetic

gradients in the force-free flux rope computed by different numbers of iterations.

on record as shown in Fig. 3.2. The relative error (shown as the vertical axis) is defined as

η = |Xa −Xr

Xr
| , (3.3)

where Xa is the quantity obtained by the algorithm and Xr is its real value. The preset

LQGs are null vector and null matrix respectively, meaning that the preset relative error

is unit. By going through the first iteration (as shown along the horizontal axis), the rel-

ative errors contained in the three non-vanishing components of the linear gradient drop

below 0.12%. By comparison, those of quadratic gradient remains high even though some

component’s error goes down to 10%. In the right half of each subfigure of Fig. 3.2, be-

comes more and more clear, as farther iterations are performed, certain almost fixed values

to which the errors descend and converge steadily. These values are, in effect, the errors

carried by the exact solutions of the system of eqs. (2.20a) to (2.20c). To reach an approx-

imation solution that shows a manifest pattern of convergence, fifty iterations are needed

in most cases despite the fickle nature of iterative methods. The calculation of the algo-

rithm is fast in that three thousand iterations conducted by Python (numpy) using the Intel

Core i5-6500 cost less than one second.

Second, we would like to study the reliance of the algorithm’s accuracy on the

relative measurement scale, L/D.

Intuitively, the accuracy would be higher when L/D is smaller. If the field con-

sists of a lot of tiny structures whose scale is smaller than the measurement scale, this is,

roughly the separation between measurement points, it is not even possible to give a poor

estimation of the gradients at the geometric center. This point can also be acknowledged
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by using mathematical formulation. SinceD is defined as the characteristic scale of local

field structure, it can be put in the form of

D ' f/|∇f | . (3.4)

And L has the equivalent meaning of |∆x|. The relative measurement scale is therefore

L

D
' L|∇f |

f
' |∆x||∇f |

f
. (3.5)

The estimation of the gradients using Taylor’s theorem eq. (2.9) fails when the corrective

term is larger in terms of magnitude than the term to be corrected, i.e. |∆x|∇f ≥ f . This

point is also demonstrated by considering the perturbative nature of eqs. (2.20a) to (2.20c)

and the behavior of iterative methods which no longer lead to convergence as long asL/D

rise beyond a certain number that is close to unit.

The modeling is conducted by locating the geometric center of the constellation

at [1, 0, 0], [0.5, 0, 0], and [0.1, 0, 0] in Cartesian coordinates in a row. We increase and

decrease the size of the constellation proportionally while keeping its shape to tailor mea-

surement scale, L, for specified relative measurement scale L/D.

As shown in Fig. 3.3, reliable estimations are made by the algorithm for mostL/D.

Fig. 3.3a, 3.3c, and 3.3e show the errors of the estimated linear gradient (shown by solid

lines) and thence the curvature (shown by dashed and dotted lines) of magnetic field lines

of the force free flux rope magnetic field. In terms of value, they are generally below 5%,

an low enough level of truncation error indicative of sound precision; In terms of trend,

they show a dependence on the second order of L/D, which is proved by fitting using

polynomial series. Fig. 3.3b, 3.3d, and 3.3f show the errors of the estimated quadratic

gradient (shown by solid lines) and the torsion (shown by dotted lines) of magnetic field

lines of the force free flux rope magnetic field. The relative errors of the quadratic gradient

are below 5%, and that of the torsion calculated using the estimated gradients could be a

little higher. These small relative errors shown in the modeling point to the reliability of

the algorithm.

The magnetic field of the flux rope is, in a sense, a flattened structure in which

no severe change in magnitude and direction occurs. This explains partly why it serves a

highly effective and satisfactory model for testing, regarding the tidy accuracy achieved

shown in Fig. 3.3. Nonetheless, magnetic structures in space may present steepness. For
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Figure 3.3: Relative errors in estimating the LQGs and curvature and torsion of the magnetic field lines of

flux rope magnetic field by relative measurement scale. Panel (a) shows the relative errors in calculating

the curvature of magnetic field lines and nonzero elements of the linear gradient of the force free magnetic

flux rope field at [1, 0, 0] in Cartesian coordinates. Panel (b) shows the relative errors in calculating the

torsion of the magnetic field lines and nonzero elements of the quadratic gradient of the flux rope magnetic

field at [1, 0, 0]. Panel (c) and (e) are similar to Panel (a) but for the flux rope magnetic field at [0.5, 0, 0]

and [0.1, 0, 0] respectively. Panel (d) and (f) are similar to Panel (b) but for the flux rope magnetic field at

[0.5, 0, 0] and [0.1, 0, 0] respectively.
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example, the magnetic field of the inner magnetosphere is almost identical to a dipole

field, which declines at the third order of r, the distance of the observation point from the

dipole. This proportionality leads to, in Taylor expansion eq. (2.9), all the terms following

the zeroth approximation on comparable order and hence low accuracy of the algorithm.

In the following section, we would like to model the algorithm using a magnetic dipole

field and prove yet again its feasibility and reliability.

3.4 Dipole magnetic field

The dipolar magnetic field in Cartesian coordinates is defined by

B =
M3

r5
[3xz, 3yz, 3z2 − r2], (3.6)

whereM3 is the strength of the magnetic dipole moment which is assumed to point at the

positive z direction and r =
√

x2 + y2 + z2 is the distance from the observation point to

the dipole moment. We formally setM3 = 1, as it is discussed in Section 3.3 that its value

does not affect the relative truncation errors contained in estimations. The local spatial

characteristic scale of the dipole magnetic field at the observation point, on account of

eq. (3.4), is chosen as its distance from the dipole, where a factor of 1/3 is dropped. The

choice, mathematically, reads D = r.

We first, again, investigate the method’s convergent trend during iterative calcula-

tions. The point of [3, 0, 0] is of particular advantage to reduce the components of LQGs

of the dipole field, and is chosen as the geometric center of the constellation. Only two

components, B1,3 and B3,1, of the linear gradient, and five components, B1,1,3, B2,2,3,

B3,1,1, B3,2,2, and B3,3,3, among the eighteen independents of the quadratic gradient are

non-vanishing. L/D = 0.026 is achieved for this modeling by adjusting the interspace

among the measurement points.

Fig. 3.4a and 3.4b show the convergent trend of the LQGs of the magnetic dipole

field. In general, the behavior of these relative errors is similar to that shown in Fig. 3.2

for the modeling using flux rope magnetic field. They converge within fifty iterations.

The componentB1,1,3 in Fig. 3.4b shows a different pattern that the errors decrease at first

and increase afterward. The errors for B3,2,2 and B2,2,3 have in addition to the decreasing

and increasing the third stage, another decreasing. These are normal for iterative method

which do not guarantee a monotonic converging. The intermediate values during itera-
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Figure 3.4: Relative errors of the non-vanishing components of the (a) Linear and (b) Quadratic gradients

of magnetic dipole field computed by different numbers of iterations.

tions may fluctuate but will converge to the final value which is the true solution of the

equation. This true solution, in our case, is not necessarily the true value of the estimated

quantities, because the small quantities, o(|∆x|2) in Taylor expansion of various measure-

ments, are omitted through truncation in eq. (2.11). Therefore, the intermediate values

may approximate the true value at first but fail to stick to it when moving toward the true

solution of the truncated estimating equations.

We then calculate the LQGs and the curvature of magnetic field lines of the dipole

magnetic field and test the algorithm for exponentially increasing relative measurement

scales. The modeling is conducted by locating the geometric center of the constellation

at [3, 0, 0], [2, 0, 3], and [0, 0, 3] in Cartesian coordinates successively. We increase and

decrease the size of the constellation proportionally while keeping its shape to tailor mea-

surement scale, L, for specified relative measurement scale L/D.

Fig. 3.5a, 3.5c, and 3.5e show the relative truncation error in the estimations of

the curvature (dash-dotted black line) of magnetic field lines and nonzero elements of the

linear gradient (solid colored lines) of the magnetic dipole field. The theoretical curvature

at [0, 0, 3] is zero, so there is no line for it in Fig. 3.5c. As evidenced by the similarity

between the solid black lines which varies at the second order of L/D and other lines, and

also by polynomial fitting not shown in the figure, these linear gradients and curvatures are

of second-order accuracy. The errors of linear gradient components are generally below

5% when L/D < 0.1.

Fig. 3.5b, 3.5d, and 3.5f show the relative truncation error in the estimations of
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Figure 3.5: Relative errors in estimating the LQGs and curvature of the magnetic field lines of dipole mag-

netic field by relative measurement scale. Panel (a) shows the relative errors in calculating the curvature

(dash-dotted black line) of magnetic field lines and nonzero elements of the linear gradient (solid colored

lines) of the magnetic dipole field at [3, 0, 0] in Cartesian coordinates. The solid black line is an example of

function varying at the second order of L/D. Panel (b) shows the relative errors in calculating the nonzero

elements of the quadratic gradient (solid colored lines)of the flux rope magnetic field at [3, 0, 0]. Panel (c)

and (e) are similar to Panel (a) but for the flux rope magnetic field at [2, 0, 3] and [0, 0, 3] respectively. Panel

(d) and (f) are similar to Panel (b) but for the flux rope magnetic field at [2, 0, 3] and [0, 0, 3] respectively.
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the nonzero elements of the quadratic gradient (solid colored lines) of the magnetic dipole

field. Since the filed lines are planar curves, the torsion of them is zero, i.e. τ = 0.

Therefore, there is no line for torsion in these subfigures. The quadratic gradients are of

first-order accuracy. The errors are generally below 5% when L/D < 0.01.

A magnetic dipole is not able to produce complex magnetic field lines, which is

indicated by the vanishing torsion. A more realistic model for the geomagnetospheric

magnetic field is constructed by adding the field produced by one more mirrored dipole to

the Earth’s dipole field. A test of the algorithm using this model is described in the next

section.

3.5 Modeled magnetospheric field

The MMF is defined as

B =
Mz1

r51
[3xz, 3yz, 3z2 − r21] +

Mz2

r52
[3(x− 40)z, 3yz, 3z2 − r22], (3.7)

where two terms of the right side of the equation stand for the magnetic fields produced

by two magnetic dipoles. The separation between them is 40 along the x-axis. Note that

here units are omitted as they do not matter, and that RE should be the unit of length in

this formula if units are needed. The first dipole, whose moment is Mz1, is located at the

origin of the coordinates system. r1 =
√

x2 + y2 + z2 is the distance from the observation

point to the first dipole; And r2 =
√

(x− 40)2 + y2 + z2 is that to the second dipole.

The magnetic field lines are plotted in Fig. 3.6. The inner part of this field, or the inner

magnetospheric field, is almost identical to a simple dipole field, while the outer region

exhibits more complexity. So points far from the inner region are of advantage to test the

algorithm under complex conditions. We utilize [−5, 15, 10], [5, 10, 10], and [5, 15, 5] as

the geometric center in the following modeling.

eq. (3.7) defines so asymmetric a field that any component of the LQGs of it is

not null. These components stretch over so many orders which heavily convolves that

some small components are severely affected by others of large value. Components of

small value are usually of a lower level of merit for the exploration of physics in space

and should be thought little of or even neglected. However, the relative error defined by

eq. (3.3) barely differentiates between them. A better definition of the relative errors of
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Figure 3.6: Magnetic field lines of the MMF in the x− z plane.
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Figure 3.7: Relative errors of the non-vanishing components of the (a) Linear and (b) Quadratic gradients

of the MMF computed by different numbers of iterations.

the LQGs will be

etaij =
(Bi,j)a − (Bi,j)r∑3

i,j|Bi,j|
, (3.8)

and

etaijk =
(Bi,j,k)a − (Bi,j,k)r∑3

i,j,k|Bi,j,k|
. (3.9)

Fig. 3.7a and 3.7b show the convergent behavior of the LQGs of the MMF within

fifty iterations. The relativemeasurement scale is set to beL/D = 0.026 and the geometric

center of the constellation is [−5, 15, 10]. It points to the feasibility and reliability of the

algorithm for complex field structures in space.

Fig. 3.8a, 3.8c, and 3.8e show the relative truncation error in the estimations of

the curvature (dash-dotted black line) of magnetic field lines and nonzero elements of the

linear gradient (solid colored lines) of the magnetic dipole field. As evidenced by the

similarity between the solid black lines which varies at the second order of L/D and other

lines, and also by polynomial fitting not shown in the figure, these linear gradients and

curvatures are of second-order accuracy. The errors of linear gradient components are

generally below 5% when L/D < 0.1.

Fig. 3.8b, 3.8d, and 3.8f show the relative truncation error in the estimations of the

torsion (dotted black line) of the magnetic field lines and nonzero elements of the quadratic

gradient (solid colored lines) of the magnetic dipole field. The quadratic gradients are of

first-order accuracy. The errors are generally below 5% when L/D < 0.01. The modeled

truncation errors of the algorithm using MMF is akin to that using dipole magnetic field.
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Figure 3.8: Relative errors in estimating the LQGs and curvature and torsion of the magnetic field lines

of MMF by relative measurement scale. Panel (a) shows the relative errors in calculating the curvature of

magnetic field lines and nonzero elements of the linear gradient of the MMF at [−5, 15, 10] in Cartesian

coordinates. Panel (b) shows the relative errors in calculating the torsion of the magnetic field lines and

nonzero elements of the quadratic gradient of the magnetic field at [−5, 15, 10]. Panel (c) and (e) are similar

to Panel (a) but for the magnetic field at [5, 10, 10] and [5, 15, 5] respectively. Panel (d) and (f) are similar

to Panel (b) but for the magnetic field at [5, 10, 10] and [5, 15, 5] respectively.
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Figure 3.9: Averaged relative errors of estimating LQGs of the MMF by different number of measurements.

The left panel shows the averaged relative errors for L/D = 0.05. The right panel shows the averaged

relative errors for L/D = 0.01. The dashed magenta curve is inversely proportional to n.

In Section 3.3, Section 3.4, and this section, we have confirmed the reliability of

the algorithm using fifteen-point measurement modeling. Intuitively, the algorithm could

yield better results weremoremeasurements included in the calculation. The exact relation

between the accuracy and the number of measurement points can be modeled.

Since we are to investigate the algorithm’s performance using measurement points

of different number, the effect from the shapes of these points should be eliminated. To this

end, we test the algorithm using one thousand randomly generated n-point constellations,

the one that yields the least error of which is chosen as the delegate of the constellation of

n-point measurement. By fixing L/D and the observation point, as usual, we make n the

only variable.

Fig. 3.9a shows the variation of averaged relative errors contained in the estima-

tions of the LQGs,
∑

i,j ηij/9 and
∑

i,j,k etaijk/27, at [1, 1, 2] in theMMF forL/D = 0.05.

The averaged error contained in the quadratic gradient’s estimation is inversely propor-

tional to n. And that for linear gradient’s estimation is a constant. In the worst case, when

only ten measurement points are available, the averaged error for the quadratic gradient is

roughly 4%.

Fig. 3.9b shows the result of the modeling utilizing the same setup, excerpt for a

fixedL/D = 0.01. The plot is similar to the previous one. The only discernable difference

is that the averaged error for the quadratic gradient is five times smaller, which is yet

another sign of the errors’ linearity on L/D.
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3.6 Summary and discussion

In this chapter, we simulated the algorithm using force free magnetic flux rope,

dipole magnetic field, and MMF, and confirmed its reliability and accuracy.

We first introduced a randomly generated constellation of fifteen measurement

points. In the modeling that followed, virtually measured data are extracted at these places

when its center was fixed to some target point its size was enlarged or contracted to meet

a given relative measurement scale.

The simulations using all the three magnetic field models show the convergence

under fifty iterative calculations. The estimations to which the calculations converged

are accurate to second order for the linear gradient and to first order for the quadratic

gradient. For the linear gradient, the overall truncation error is below 5% as the relative

measurement scale is lower than 0.1, and for the quadratic gradient, it is below 5% as the

relative measurement scale is lower than 0.01.

The simulation using the modeled magnetospheric field shows that the truncation

error of the quadratic gradient is conversely related to the number of measurement points,

that is, the more measurement points a constellation consists of, the higher accuracy the

algorithm could achieve. However, this relation does not apply to the estimation of the

linear gradient, the relative errors contained in which does not show dependency on the

number of measurement points.

In summary, the time-independent algorithm shows considerable efficiency, ro-

bustness, and accuracy with regard to estimating the LQGs of manifold physical fields in

space with at least ten measurement points.

- 54 -



Conclusions

CONCLUSIONS

In this dissertation, we systematically investigate the approaches to estimate the

linear and quadratic gradients of physical fields, discuss an algorithm, ALQG, tackling

time-independent joint measurements and develop a general algorithm tackling joint mea-

surements spanning a temporal period, and confirm the time-independent algorithm’s fea-

sibility, reliability, and accuracy by simulations.

In Chapter 1, we introduce the history and the existing state of the measurement

in space physics exploration. We briefly discussed the current applications of multipoint

measurement techniques and other physical quantities to be measured in the future. In

Chapter 2 and Chapter 3, we make contributions to the study of multipoint measurement

and space physics exploration as summarized in what follows.

Themain contribution of this dissertation can be concluded into the following three

main parts.

(1) This work analyzes possible approaches to construct the algorithms that can es-

timate the linear and quadratic gradients of physical fields and find that a proper

combination of Taylor’s theorem and the least square method can lead to the

end.

(2) This work reviews a general numerical time-independent algorithm for the lin-

ear and quadratic gradients of physical fields based on at least ten temporally

synchronized measurements, and point to the importance, of two characteristic

matrices of the constellation of measurement points, and of one special target

point, the geometric center of the constellation, in determining the algorithm’s

accuracy.

(3) This work develops a general numerical time-dependent algorithm for the linear

and quadratic gradients of physical fields based on at least fifteen temporally

discrepant measurements.

(4) This work confirms the great efficiency, strong robustness, and high accuracy

of the time-independent algorithm by testing it using three magnetic field mod-

els, force free magnetic flux rope, dipole magnetic field, and modeled magne-

- 55 -



Conclusions

tospheric field, find the quadratic dependence of linear gradient and the linear

dependence of quadratic gradient on relative-measurement scale, and discovers

the reciprocal relation between the truncation error contained in the algorithm’s

estimation and the number of measurement points.

The work in this dissertation is, by and large, not complete, because the time-

dependent algorithm is not yet tested due the limited time available until the dissertation

is written. I would conducted the test during my PhD period.

The time-independent algorithm, as its efficiency, robustness and accuracy have

been proved, could find wide applications in the real world. One could be to determine the

geometry of the magnetic disturbance field using AMPERE data and hence relate its con-

figuration and variation to the sources that may have a great contribution. Another could

analyze the measurements of the magnetic field made at a great number of magnetometer

ground stations on the surface of the Earth.
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