
1.  Introduction
High-speed jets (HSJs) are transient structures that are abundant in the Earth's magnetosheath, and they have 
been of particular interest to the space physics community for more than a decade. A high-speed jet could have 
a dynamic pressure greater than that of the ambient solar wind in the magnetosheath. This dynamic pressure, 
though not typically, can even surpass that of the upstream solar wind. Thus, a high-speed jet can have a strong 
impact on the magnetopause (Archer et al., 2019; Hietala et al., 2018; Plaschke et al., 2018). They can even accel-
erate electrons (Liu et al., 2019).

Among other mechanisms for generating HSJs (Kajdič et al., 2021; Omelchenko et al., 2021; Raptis et al., 2022), 
the two most commonly recognized are shock ripples (Hietala et al., 2009) and shock–discontinuity interactions 
(SDIs) (Archer et al., 2012; Savin et al., 2012). The former has been suggested as being responsible for most 
observed HSJs. Because quasi-parallel shocks are inherently rippled in comparison with quasi-perpendicular 
shocks, which are usually planar beyond kinetic scales, the ripple mechanism has been suggested to occur in 
quasi-parallel shocks. Computer simulations suggest that a rippled quasi-parallel shock can deflect the inflow 
from upstream and focus it into a jet (Hao et al., 2016; Preisser et al., 2020). Moreover, kinetic ripples of 1–3 
ion inertial lengths on quasi-perpendicular shocks have been identified in measurements made by the Magneto-
spheric Multiscale Mission (MMS) (Gingell et al., 2017; Johlander et al., 2016). However, there is still a lack of 
direct observational evidence that the ripples are large enough and stable long enough to produce the observed 
HSJs.

The SDI mechanism, however, associates an HSJ either with a rotational discontinuity transmitted downstream 
following its interaction with the shock or with a hot flow anomaly (HFA) produced by an SDI. This mechanism 
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works for both quasi-parallel and quasi-perpendicular shocks. It has been suggested that SDIs produce a relatively 
small number of quasi-perpendicular HSJs. According to three recent studies (Goncharov et al., 2020; Raptis 
et al., 2020; Vuorinen et al., 2019), the number of quasi-perpendicular HSJs may be one-ninth, one-fourth, or 
one-half that of quasi-parallel HSJs, respectively. Large-amplitude HSJs are often associated with discontinuities 
(Hietala & Plaschke, 2013). Recent single-event studies have reported that following the passage of solar wind 
discontinuities, powerful HSJs can cause large indentations in the magnetopause and excite sinusoidal surface 
waves. They may trigger reconnections (Archer et al., 2019; Escoubet et al., 2020). In the heliospheric context, 
because of the Parker spiral (Parker, 1958), the termination shock and the bow shock (BS) of the outer planets 
are more frequently quasi-perpendicular. This mechanism, therefore, deserves further study. Nonetheless, like the 
ripple mechanism, there is also a lack of direct observation that SDIs produce HSJs.

In this letter, using fortuitous multipoint spacecraft observations made during an SDI and a recently developed 
analysis method called normal field analysis (NFA) (Shen et al., 2020), we present the first observational evidence 
for a three-dimensional, large, stable undulation on the BS surface in support of the shock ripple mechanism. 
The large-scale shock undulation and an HFA appear to be byproducts of the SDI. Therefore, we suggest that the 
effects combined could form a downstream HSJ. In Appendix B, we present the details and an error analysis of 
all of the analysis methods utilized in this study.

2.  Observations
We analyzed measurements made by Cluster (Escoubet et al., 2001) and Advanced Composition Explorer (ACE) 
(Stone et al., 1998) around midnight on 8 February 2002. The four Cluster spacecraft, C1–C4, were close to the 
dayside quasi-perpendicular BS, and three consecutive crossings of shock surfaces were observed. The Cluster 
constellation was relatively compact along the x-direction, with a scale of 45 km, but elongated in the y–z plane, 
with a scale of 100 km. We used data from the magnetic field measurements with FGM (Balogh et al., 1997) on 
all four of the spacecraft and from the CIS-HIA ion experiment on C1 (Rème et al., 1997). Information about 
the pristine solar wind and magnetic field was provided by the SWEPAM (McComas et al., 1998) and the MFI 
(Smith et al., 1998) on ACE, which was at the L1 point.

The upstream solar wind flowed steadily at V ≈ 500 km/s with a dynamic pressure close to 1.6 nPa (Figure 1e). 
Embedded in the solar wind were discontinuities that recurred about every 10 min. The interplanetary magnetic 
field rotated abruptly across these, although its magnitude remained unchanged (Figures  1a and  1b). The 
near zero motion of the discontinuities relative to the background solar wind (Artemyev et al., 2019; Horbury 
et al., 2001) was confirmed by comparing the time-shifted magnetic field measured by ACE with that measured 
by C1 (Figures 1c and 1d). This suggests that they were tangential discontinuities, although we will refer to them 
as directional discontinuities (DDs) in this study. Two special DDs (DD-A and DD-B) were delineated by dashed 
vertical lines, and we will discuss them later.

The Cluster spacecraft, moving on an outbound orbit in the north-duskside sheath, encountered an HSJ near 00:14 
(Figure 1e). Later, they were passed by the BS at the geocentric solar ecliptic (GSE) (12.2, 7.7, 7.0)RE at 00:24 
UT with a relative speed of 13 km/s (estimated using four-spacecraft timing, Harvey, 1998) during an Earthward 
motion. In the near upstream region, Cluster encountered an HFA, which was characterized by  a higher temper-
ature, a lower density, a slowing down of the flow (Figure 1f), and two fast shocks, one at the leading edge and 
one at the trailing edge. This HFA was mature, which can be confirmed by the cuts of 3D distribution function 
of ions (not shown).

The BS crossings by C1–C4 were almost simultaneous (Figure 1h), yet the recorded four local surface normals 
as determined by MVAB (Bengt U. O. Sonnerup & Maureen Scheible, 1998) (Table 1) differed from each other 
to a large extent, and the mean difference was 𝐴𝐴 |Δ𝐧𝐧| = 9

◦ . This suggested that the local shock surface near these 
crossing points was severely curved. Based on the estimated local normals and NFA, and through the procedures 
described in Appendix A, we obtained the principal curvatures and directions of the undulated surface and recon-
structed the surface.

The undulated surface is shown in Figure 2a. Its first principal direction, 𝐴𝐴 𝐱̂𝐱1 , was almost perpendicular to the local 
magnetic field and along the z-direction in GSE coordinates (Table 1). Along this direction, the undulated surface 
had a principal curvature of 𝐴𝐴 −6.7𝑅𝑅

−1

E
 , which indicated that it had bent downstream on a scale of 0.3RE (1,900 km 

or 19 ion inertial lengths). The second principal direction, 𝐴𝐴 𝐱̂𝐱2 , was within 10° of the local magnetic vector and 
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Figure 1.
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close to the y-direction. Along this direction, the surface was bent upstream. The bending, which was on a spatial 
scale of 0.4RE, was akin to that in the other direction.

Accurately estimating the geometric parameters of a local shock surface requires it to be stable during a crossing. 
The error analysis for NFA in Appendix B confirms the accuracy, which indicates that the undulated surface 
changed only slightly during the ∼1 min of the crossing. Therefore, this non-planar shock surface is capable of 
modifying the flow structure consistently on a spatial scale of 0.4RE perpendicular to the flow and on a temporal 
scale beyond 1 min. Note that this temporal duration is not the duration of HSJs identified from spacecraft obser-
vations using various criteria (Plaschke et al., 2018).

Similarly, we were able to recover the HFA surface. Using magnetic field data for the leading (Earthward) and 
trailing (Sunward) edges of the HFA, we obtained their respective geometric parameters. Figure 2b shows, in the 
local coordinate system, a sketch of the imaginary extension of the undulated shock surface, the HFA, and the 
trajectory of Cluster. The global normals of the leading and trailing edges of the HFA were (0.974,0.066,0.215) 
and (0.968,0.221,0.116), respectively. Both of them were nearly parallel to the BS normal. The principal curva-
tures of the leading edge were 𝐴𝐴 1.1𝑅𝑅

−1

E
 and 𝐴𝐴 2.8𝑅𝑅

−1

E
 , whereas those of the trailing edge were 𝐴𝐴 −6.3𝑅𝑅

−1

E
 and 𝐴𝐴 −4.3𝑅𝑅

−1

E
 . 

This indicated that both of the edges were spherelike and bent toward the core of the HFA. The leading edge was 
larger (1RE) than the trailing edge (0.4RE). The principal directions were degenerate, possibly because the edges 
were expanding due to being driven by the thermal pressure in the core. Thus, they were not stationary enough 
during the spacecraft crossing.

3.  Interpretation and Discussion
Note that the HFA had a trailing-edge (radius of) curvature close to that of the shock undulation. This implied that 
the ways in which they were respectively formed were closely related. In fact, the geometric parameters obtained 
from the event were consistent with those from the canonical theory for the formation of an HFA by SDI (Burgess 
& Schwartz, 1988; S. Schwartz, 1995; Zhao et al., 2015). This theory has, so far, not accounted for the role of 
shock undulations. Here, according to our findings, we present a new overall scheme for shock undulations and 
HFA formation during such an interaction and for the subsequent formation of an HSJ.

An HFA usually occurs when a discontinuity is at a large oblique angle to the BS and the electric field points 
toward it on at least one side (Burgess & Schwartz, 1988; S. Schwartz, 1995; Zhao et al., 2015). The results for 
the MVAB performed on the various discontinuities visible in Figures 1a and 1b and the electric field calcu-
lated  through −V × B indicated that only DD-A and DD-B satisfied these criteria. The normal of DD-A differed 
by 75.8° from the global normal of the BS crossed by Cluster. That difference for DD-B was 74.2°. Additional 
comparison between the direction of the magnetic field vector observed by ACE across DD-B (Figure 1b) and 
those observed by C1 across the HFA (Figure 1d) suggested that DD-B was embedded in the HFA. Therefore, 
DD-B caused the undulated BS surface and the upstream HFA.

Figures 2b and 2c illustrate the overall mechanism. Consider a directional discontinuity moving toward a shock 
and assume that their normals differ by a large angle. At their intersection, the ions specularly reflected from the 

Figure 1.  Advanced Composition Explorer (ACE) magnetic field data in (a) geocentric solar ecliptic (GSE) Cartesian coordinates and (b) GSE spherical coordinates 
(time-shifted by 41 min to account for solar wind propagation to the bow shock (BS)). Two special directional discontinuities are delineated by dashed vertical lines and 
annotated as DD-A and DD-B. In (c)–(f), color shadings mark different plasma regions. C1 magnetic field data in (c) GSE Cartesian coordinates and (d) GSE spherical 
coordinates. (e) Solar wind dynamic pressure and speed from C1 and dynamic pressure from ACE. (f) Ion velocity, number density, and temperature from C1. (g) Ion 
omnidirectional differential energy fluxes (keV cm −2 s −1 sr −1 keV −1) over-plotted with the angle between the local magnetic field and the BS normal. (h) Magnetic field 
magnitude from C1–C4 during the BS crossing.

Table 1 
Geometric Parameters of the Shock Undulation

GSE

Local normal Curvature and direction

C1 C2 C3 C4 𝐴𝐴 𝐴𝐴1 = −6.7𝑅𝑅
−1

E
 𝐴𝐴 𝐴𝐴2 = 4.9𝑅𝑅

−1

E
 𝐴𝐴 𝐱̂𝐱3 

x 0.989 0.975 0.977 0.982 −0.059 −0.118 0.984

y 0.124 0.220 0.203 0.152 0.362 0.959 0.175

z 0.079 0.012 −0.066 −0.109 −0.930 0.257 −0.021
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shock were channeled along the discontinuity deep into the pristine solar wind, where they triggered instabili-
ties, resulting in the creation of a heated region, that is, an HFA (Burgess, 1989; Zhang et al., 2010). The initial 
spatial extent of the region perpendicular to the path of the reflected ions should be consistent with that of the 
ions, which we inferred was 0.4RE during the event. During the journey of the backstreaming ions, the region 
near the shock was heated first, while the more distant regions followed. Because the pressure of the previously 
heated region was well beyond ambient, it expanded to a greater extent (giving the leading edge of 1RE) than the 
subsequently heated region was able to, given the limited time available.

At the same time, the local shock surface near the intersection between the bow shock and the discontinuity 
deformed due to the loss of reflected ions that would otherwise gyrate back to the shock (Thomas et al., 1991). 
The deformation of the BS was on the same scale as the reflected ion population, which is why the shock undu-
lation also had a scale of 0.4RE. After this deformation, the flow between the HFA and the shock undulation was 
deflected during its transmission across the shock due to the curvature of the shock surface. Note that as shown 
in Figures 1e and 1f, the flow between the BS and HFA had a higher temperature and lower density than that 
upstream of the trailing edge of the HFA. This suggested that the flow had already been affected by the SDI. As 
the HFA became convected by the solar wind toward the downstream region, the deformation of the shock surface 
was even steeper, so that it was less effective in braking the solar wind near the HFA. An HSJ could therefore 
form and propagate accompanying the discontinuity and the HFA. During propagation, the coherent structure of 
the HFA and the discontinuity, however, could dissolve, leaving only scattered bumps and dips in the ion density, 
temperature, and electric current density (Eastwood et al., 2008).

Direct confirmation of the predicted formation of the HSJ during this event would require an additional space-
craft downstream, which was unfortunately not available. Here, we point out an HSJ that was consistent with our 
mechanism in a separate event identifiable from the magnetosheath observation shown in Figure 1. Near 00:15, 
C1 observed features in the ion density and temperature that were almost the same as those of the upstream 
HFA. This was an HFA that was yet to diffuse in the magnetosheath. Preceding it was the discontinuity DD-A 
(observed by ACE), which could have interacted with the BS in the same way as discussed above. The speed 

Figure 2.  (a) Reconstructed BS undulation in the intrinsic coordinate system of the local surface. (b) Imaginary extension 
of the undulated surface, the (red) hot flow anomaly (HFA) and (cyan) discontinuity DD-B encountered by Cluster (dashed 
arrow). (c) Illustration of the formation of a shock undulation and HFA during shock–discontinuity interaction (SDI). The 
high-speed jet (HSJ) was generated due to the shock curvature. (d) Illustration of the effect of the undulated shock geometry 
on the HSJ morphology and the predicted cross section of the HSJ downstream of the observed shock undulation.
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of the shocked flow increased toward the magnetosheath HFA and peaked 
around it (Figure 1e). The density, due to an accumulation of the flow on the 
leading edge of the HFA and flow concentration caused by deflection of the 
shock undulation, peaked just before the HFA. The coinciding of the density 
and velocity peaks resulted in the HSJ.

Now that we have reconstructed the undulated shock surface, another prob-
lem of interest is which properties of the HSJ can be predicted with it. 
Through a simple calculation, we show that in regions not far from the shock, 
the cross-sectional area and density of the HSJ were determined by the mean 
and Gaussian curvature of the undulation and that the properties of the HSJ 
predicted from the observed undulation were in agreement with statistical 
studies of the HSJ morphology.

As illustrated in Figures 2d and 3, we assume that the solar wind is from 𝐴𝐴 𝐱̂𝐱3 , 
which is a good approximation for the event. We also assume that the local 
shock surface reconstruction is valid when 𝐴𝐴 |𝑥𝑥𝑖𝑖| < 𝛼𝛼∕|𝜅𝜅𝑖𝑖| , i = 1, 2, where α is 
a controlling parameter. Because the surface has two principal directions, the 
cross section of the HSJ has two independent half-widths wi, which are, in 
effect, the distances from the HSJ boundary flows to the x3-axis. As shown 
by the geometry in Figure 3, they are related to the propagation distance d of 
the HSJ as follows:

�� = sgn(��)�tan � + �∕|��|, � ∈ {1, 2},� (1)

where

tan 𝜃𝜃 =

|
|
|
|
|
|

(

1 −
2

𝑟𝑟

)1∕2

𝐯̂𝐯u ⋅
∇𝐹𝐹

|∇𝐹𝐹 |

|
|
|
|
|𝑥𝑥1=𝛼𝛼∕𝜅𝜅1 , 𝑥𝑥2=0

|
|
|
|
|
|

,�

θ is the deflection angle of the boundary flow, r is the shock compression ratio, 𝐴𝐴 𝐯̂𝐯u is the upstream velocity 
direction, and F is the function for shock surface defined in Appendix A. This expression for the half-width of 
the HSJ is valid until the jet is compressed to the extent that the boundary flow cannot squeeze it any further. 
Let the cross-sectional area S = πw1w2. Based on mass conservation, S(d)ρ(d) = S0ρ0, where 0 denotes the value 
at  the  shock, we can obtain the density determined by the mean curvature of the local shock surface H = (κ1 + κ2)/2 
and the Gaussian curvature K = κ1κ2 as

𝜌𝜌(𝑑𝑑) =
𝜌𝜌0

(1 − 2𝐻𝐻𝐻𝐻𝐻𝐻 +𝐾𝐾𝐾𝐾2𝑑𝑑2)
,� (2)

where s = (1/α)tanθ.

During the event, the two curvatures had similar magnitudes and opposite signs, which together indicated that 
the cross-sectional shape of the HSJ was circular near the BS and elliptical further downstream (Figure 2d). We 
assume that α = 0.99, so that the angle between the upstream velocity and the shock normal at the undulation 
boundary was 98°. After propagating 1RE, the scales of the HSJ along and perpendicular to the magnetic field 
were 0.2RE and 0.5RE, respectively. Its density was 1.7 times the background (note that the ultimate shape of 
the HSJ was not sensitive to the choice of α). This was consistent with and possibly explained the origin of the 
HSJs reported by Gutynska et al. (2015), which, on average, had a density enhancement ratio greater than 1.5, a 
magnetic-parallel scale of 0.3RE, and a magnetic-perpendicular scale of 0.8RE. The size predicted here was also 
consistent with other statistical studies that assumed that the cross section was circular a priori and predicted a 
most probable diameter of 0.1RE and 0.5RE (Archer et al., 2012; Plaschke et al., 2020). In addition to the ellip-
tical section, the negative Gaussian curvature also indicated that along intermediate directions on the undulated 
surface, the curvatures were near zero such that an HSJ could not be produced there. The resulting section of the 
overall HSJ resembled a set of rotor blades.

In previous simulations of the interactions between a shock and discontinuities (Omidi & Sibeck, 2007; Omidi 
et al., 2020), as shown in their figures, the jets were indeed downstream of the shock undulations. However, no 

Figure 3.  Prediction of the size of the HSJ near the shock from the curvature 
of the shock undulation.
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attention was paid to their relations. Moreover, extensive studies have focused on quasi-parallel shocks, which 
are highly rippled because of their interactions with foreshock structures, as seen in simulations (see, e.g., Hao 
et al., 2016; Guo et al., 2022). Limited attention has been paid to the possibility that, for quasi-perpendicular 
shocks, the ripple mechanism could explain the cause and effect of the SDI mechanism. The scheme presented 
here is a combination of the two and, in effect, an overall description of an SDI.

One interesting feature in the event is that one principal direction of the shock undulation was almost aligned along 
the magnetic field. This hinted at an important role that the field may play in the formation of the undulation. 
However, to ascertain this would require additional statistical studies and three-dimensional (3D) simulations.

For a Sun-like rotating magnetized star that emits a supersonic stream, the interplanetary magnetic field lines 
are twisted and in the shape of an Archimedean spiral (also known as a Parker spiral). Further away from the 
star, the magnetic field becomes increasingly perpendicular to the stream and parallel to the shocks that are 
formed following the interaction of the stream with obstacles, such as a planetary magnetic field or an interstellar 
medium. In the heliosphere, the termination shocks and the subsolar BSs of planets beyond Mars are all of this 
nature. The mechanism put forward herein can be applied to these quasi-perpendicular shocks.

Although SDIs were previously observed and simulated for quasi-perpendicular shocks (Thomas et al., 1991; S. 
J. Schwartz et al., 2000; Lin, 2002), more recent observations and simulations have suggested that they are more 
likely to occur with quasi-parallel shocks (Facskó et al., 2009; Omidi & Sibeck, 2007; Wang et al., 2013). Our 
mechanism, thus, can also be used for HSJs in a quasi-parallel magnetosheath. Depending on factors such as the 
solar wind speed, discontinuity thickness, electric fields on both sides of the discontinuity, inclination angle of 
the discontinuity to the BS, and rotation angle of the magnetic field across the discontinuity, the efficiency of the 
interaction varies and its spatial size could be 0.2RE–5RE (see, e.g., S. J. Schwartz et al., 2000; Facskó et al., 2009; 
Zhao et al., 2017). Shock undulations and HSJs of this size are hence expected.

4.  Conclusions
In summary, we have observed and reconstructed for the first time the three-dimensional surface of an undulated 
shock front that is large enough to produce HSJs in the magnetosheath. On this basis, and with curvatures esti-
mated for an upstream HFA, we have postulated an overall scenario for the generation of HSJs after an SDI. An 
undulated shock surface and an HFA are formed simultaneously during the interaction. After that, the undulated 
shock deflects the pristine solar wind between it and the HFA but without much braking and focuses them into a 
jet. Then, the HSJ, discontinuity, and HFA convect downstream. The cross section of the HFA predicted from the 
observed shock undulation is narrow along the magnetic field lines and elongated perpendicular to the field lines.

Appendix A:  Reconstructing a Local Surface
The local geometry of a surface is determined by its two principal directions and the corresponding principal 
curvatures (Kühnel & Hunt, 2015). From the principal directions, which are perpendicular to one another, a local 
coordinate system can be constructed, as shown in Figure 2a. The x3-axis is defined by the global surface normal. 
The x1-axis is defined by the principal direction along which the curvature is at a minimum, and the x2-axis by the 
principal direction along which the curvature is at a maximum. Principal curvatures can be either positive, corre-
sponding to a surface bending along the corresponding direction toward the surface normal, or negative, corre-
sponding to a surface bending away from the surface normal. The bending (or curvature) along an intermediate 
direction on the surface, characterized by the polar angle θ = arctan(x2/x1), is obtained through Euler's formula:

𝜅𝜅 = 𝜅𝜅1cos
2

𝜃𝜃 + 𝜅𝜅2sin
2

𝜃𝜃𝜃� (A1)

where κ1 and κ2 denote the minimum and maximum curvatures, respectively. Since curvatures along all of the 
directions on the surface can be found from this equation, by defining

𝐹𝐹 (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3) = 𝑥𝑥
2

1
+ 𝑥𝑥

2

2
+

(
1

𝜅𝜅
− 𝑥𝑥3

)2

−
1

𝜅𝜅2
,� (A2)

the local surface can be reconstructed from F(x1, x2, x3) = 0. The principal directions and curvatures of a local 
shock surface from multi-spacecraft observations can be found with NFA under the assumption that the shock 
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surface is stable on the timescale of a spacecraft crossing (see Supporting Information S1 for a brief description 
of the method).

Appendix B:  Error Analysis
Here, we present the details and the error analysis of the MVAB as well as the timing and NFA calculation.

B1.  Bow Shock

For every BS crossing by a spacecraft, we performed MVAB to estimate the local normal of the shock at the 
crossing point. We chose the interval for analysis by centering it at the steepest point of the magnetic field magni-
tude and extending it by 1 min in each direction to cover a sufficient range of the downstream and upstream 
regions. The center points for C1–C4 were at 24:15.5 (min:sec), 24:15.1, 24:19.7, and 24:15.1, respectively. The 
results are shown in Table 1. The number of points on average was 2,147, and the ratio rλ averages 2.3. Using the 
analytical estimation method (for detail, see Chap. 8.3.1 of Bengt U. O. Sonnerup & Maureen Scheible, 1998), 
the statistical error for the estimated normals is

|𝛿𝛿𝐧𝐧| =
√
𝑟𝑟𝜆𝜆∕(𝑀𝑀 − 1)∕(𝑟𝑟𝜆𝜆 − 1) = 1.5

◦

,�

which was considerably less than the difference 𝐴𝐴 |Δ𝐧𝐧| = 9
◦ for the estimated normals. The above-mentioned center 

points were used in the timing analysis to provide a shock speed relative to the spacecraft of 13 km/s.

The systematic error originating from the temporal evolution of the undulation on the shock surface is difficult to 
estimate. However, we can assess the error based on the results from NFA. If the undulation is transient on the times-
cale of a spacecraft traversal, the surfaces crossed at different times are not the same, making it difficult to determine 
the principal curvatures and directions. The inconsistencies in these normals would compromise the orthogonality 
between the three eigenvectors estimated by NFA, which was not the case for the event shown in Table 1. The aver-
age deviation from 90° of the angles among 𝐴𝐴 𝐱̂𝐱1 , 𝐴𝐴 𝐱̂𝐱2 , and 𝐴𝐴 𝐱̂𝐱3 was 𝐴𝐴 |𝑒𝑒NFA| = 3.6

◦ , which indicates high accuracy.

B2.  Hot Flow Anomaly (HFA)

The same analysis was applied to the leading and trailing edges of HFA-B. We chose for the former 36:9.6, 36:9.2, 
36:3.3, and 36:9.0 and for the latter 39:19.0, 39:18.4, 39:25.9, and 39:18.6 as the center points for the MVAB. 
The statistical errors of both were 𝐴𝐴 |𝛿𝛿𝐧𝐧| = 1.1

◦ . The difference for the estimated normals of the trailing edge was 
𝐴𝐴 |Δ𝐧𝐧| = 13.0

◦ , which satisfied 𝐴𝐴 |Δ𝐧𝐧| ≫ |𝛿𝛿𝐧𝐧| . For the leading edge, the difference was 𝐴𝐴 |Δ𝐧𝐧| = 3.9
◦ , which, though not 

much larger than the error, did not impair the conclusion that this surface was less curved than the other two. The 
error indicator 𝐴𝐴 |𝑒𝑒NFA| in the NFA was larger at 30.9° and 35.3° than that for the BS undulation, probably because 
the two edges were expanding and because there was a systematic inconsistency in the four estimated normals.

B3.  Directional Discontinuity B

To determine the normal of DD-B, MVAB was applied to the data measured by ACE delineated by the dashed lines in 
Figure 1 from 33:40 (min:sec) to 34:50 (note that the data was time-shifted by 41 min). The result was [0.306, −0.047, 
0.951]. The ratio rλ = λ2/λ3 was 15.1. M = 70 points were used. The statistical error for the estimated normals was 1.9°.

B4.  Directional Discontinuity A

MVAB was applied to the ACE data delineated by the dashed lines in Figure 1 from 10:00 (min:sec) to 12:00. 
This shows that the normal of DD-A was [0.316, −0.274, 0.908]. The ratio rλ was 7.2. The statistical error for the 
estimated normal was 2.3°.

Data Availability Statement
The magnetic field data set from the Cluster mission is available at https://csa.esac.esa.int/csa-web/#search and 
can be found by searching FGM in CLUSTER MISSION EXPERIMENTS. The ACE magnetic field data set is 
available at https://cdaweb.gsfc.nasa.gov/pub/data/ace/mag/level_2_cdaweb/mfi_h3/ and the particle data set is 
available at https://cdaweb.gsfc.nasa.gov/pub/data/ace/swepam/level_2_cdaweb/swe_h0/.
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